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PREFACE TO SECOND EDITION 

In revising the book for a second edition I have eon 
number of slips and misprints and I have added a new 
on latent vectors. 


HEKTFOBD COLLEGE, OXFOED 




PREFACE TO FIRST EDITION 

In writing tliis book 1 bave tried to provide a text-book ot tbe 
more olcmetitary properties ot determinants, matrices, and 
algebraic forms. Tlie sections on deleniiinants and rna,trioes, 
}*{irts I and II of tlie book, are, to some extent, siiitabie either 
tor undergraduates or for boys in their last year at school. 
Part III is suitable for study at a university and is not intended 
to be read at school. 

The book as a whole is written primarily lor undergraduates. 
University teaching in mathematics should, in my view, provide 
at least two things. The iii’st is a broad basis ot knowledge 
comprising such theories and theorems in any one bianeh of 
mathematics as are oi constant application in othei blanches. 
The second is incentive arid opportunity to acquire a detailed 
knowledge of soii4e one branch of mathematics. Tbe books 
available make reasonable provision for the latter, especially 
if the student has, as he should have, a w'orking knowledge oi at 
least one foreign language. But we, are deplorably lacking in 
books that out down each topic, I wdU not say to a minimum, 
but to something that may reasonably be reckoned as an 
essential part of an undergraduate’s mathematical education. 

Accordingly, I have written this book on the same general 
plan as that adopted in my book on convergence. T bave 
included topics commonly required for a univ"ersity honours 
course in pure and applied mathematics : I have excluded topics 
appropriate to post-graduate or to highly specialized courses 
of study. 

Some of the books to which I am indebted may well serve as 
a guide for my readers to further algebraic reading. "Without 
pretending that the list exhausts my" indebtedness to others, 
I may note the following: Scott and Matthews, Theory of 
DeierminanU ; Bocher, Iniroduction io Higher Algebra \ Dickson, 
Modern Algebraic Theories ; Aitken, Deternmiants and MafHces ; 
Turnbull, The Theory of Determinants, Alatrices, and Invariants; 
BIhott, Iniroduction to the Algebra of Quantics; Turnbull and 
Aitken, The Theory of Ganonical Matrices; Salmon, Modern 




Higher Algebra (though tho ‘modern ’ refers to some sixty years 
back) ; Burnside and Panton, Theory of Equations. Further, 
though the reference will bo useless to my readers, I gratefully 
acknowledge niy de})t to Proiessor E. T, Whittaker, whose in- 
valualde ‘'research lectures’ on matrices 'I studied at 'Edinburgh 
many years ago. 

The oniissiions from this book are many. I hope tlicy are, all 
of tliem , deliberate . It would have been easy to tit in something 
about the theory of equations and eliminants, or to digrcs.s at 
one of several possible j^oints in order to introduce the notion of 
a group, or to enlarge upon number rings and fields so as to 
give some hint of modern abstract algebra. A book written 
cxi:)ressly for tinder graduates and dealing with one or more of 
these topics would be a valuable addition to our stock of 
university text-books, but I think little is to be gained by 
references to such subjects when it is not intehded to develop 
them seriously. 

In part, the book was read, -while still in manuscript, by my 
friend and colleague, the late Mr. J. Hodgkinson, whose excel- 
lent lectures on Algebra will be remembered by many Oxford 
men. In the exacting task of reading proofs and checking 
references 1 have again received invaluable help from Professor 
E. T. Copson, -who has read ail the proofs once and checked 
nearly all the examples. I am deeply grateful to him for this 
work and, in particular, for the criticisms which have enabled 
me to remove some notable faults from the text. 

Finall 3 ', I wisli to thank the staff of the University Press, both 
on its publisliing and its printing side, for their excellent work 
on this book. I have been concerned with the printing of mathe- 
matical work (mostly that of other people !) for many years, and 
I still marvel at the patience and skill that go to the printing of 
a mathematical book or periodical. 

W. L, F. 

IIEKTFOBD COULEGR, OXFORD, 

September lh40. 
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PART I 


PRELIMINARY NOTE; CHAPTERS ON 
DETERMINANTS 


PRELI^MINARY NOTli] 

1. Number 

In its initial stages algebra is little more than a generaliza- 
tion of eltmientary arithmetic. It deals only Avitli the positive 
integers, 1, 2, 3,.... We can all remember the type of problem 
that began ‘let x be the number of eggs', and if x came to 3.| we 
knew we were wrong. 

In later stages x is permitted to be negative or zero, to be the 
ratio of two integers, and then to be any real number either 
rational, such as or ~L or irrational, such as tt or v3. Finally, 
with the solution of the quadratic equation, x is permitted to he 
a complex number, such as 2-H3i. 

The numbers used in this book may he either real or complex 
and we shall assume that readers have studied, to a greater or 
a lesser extent, the precise definitions of these iiumbers and 
the rules governing their addition, subtraction, multiplication, 
and division. 


2. Number rings 

Consider the set of numbers 

0 , ± 1 , ± 2 , .... ( 1 ) 

Let r,s denote numbers selected from (1). Then, wdiether r and 
6‘ denote the same or different numbers, the numbers 

r+s, r—Sy rxs 

all belong to (1). This property of the set (1) is shared by other 
sets of numbers. For example, 

ail numbers of the form a~\~b\'5y (2) 

where a and b belong to (1), have the same property; if r and s 
liclong to (2), then so do r+s, r—s, and rxe. A set of numbers 
having tliis x>topcrty is called a ring of numbers. 





2 PRELIMINARY NOTE 

3. Number fields 

3.1. Consider the set of iimnbors comprising 0 and every 
number of the form p/g', where and 5' belong to (i) and q is not 
zero, that is to say, 

the set of all rational real numbers. (3) 

Let f, 6' denote numbers selected from (3). Then, when s is not 
zero, wliethcr r and s denote the same or different numbers, 
the numbers 


all belong to the set (3). 

This y)roperty characterizes what is called a fielb of numbers. 
The property is shared by the following sets, among many 
others,'-- ■ 

the set of all complex numbers; (4) 

the set of all real numbers (rational and irrational); (5) 

the set of all numbers of the form p-]-q\'3, where p and 
q belong to (3). (0) 

Each of the sets (4), (o), and (6) constitutes a field. 

Definition. A set of numbers, real or complex, is said to form a 

FIELD OF NUMBERS if r and s belong to the set and s is not 

zero, ■ , ■ . 

r-\-8, r—s, rXs, T-rS 

also belong to the set. : > 

Notice that the set (1) is not a field; for, whereas it contains 
the numbers 1 and 2, it does not contain the number J . 

3.2. Most of the propositions in this book presuppose that 
the work is carried out within a field of numbers; 'wh&t particular 
field is usually of little consequence. 

In the early part of the book this aspect of the matter need 
not be emphasized: in some of the later chapters the essence of 
the theorem is that all the operations envisaged by tlie theorem 
can be carried out within the confines of any given field of 
numbers. 

In this preliminary note we wish to do no more than give a 
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formal definition of a Held of iiiinibers and to familiarize the 
reader with the concept. 

4. Matrices 

A !^et o^ ■7nn mimbcrs., real or complex, ai’j’aiiged in an array of 
m columny and 7i rows is called, a matrix. Thus 

Cf-Og 

is a matrix. When, m. = n we speak of a square matrix of orders. 

Associated \\'ith any given square matrix of order n tliere are 
a number of algebraic:al entities. The matrix written above, 
with m ~ ■/?,, is associated 

(i) wdth the determinant 

*^12 • • ^In I » 

®'31 ®22 * * 

(ii) W'ith the form 

n 71 

1 1 

r -^1 s = I 

of degree 2 in the 7i variables arj, 

(hi) with the bilinear form 

n •71^ 

2 ^rs '^r Vs 

r=l s=l 

in the 2n variables arj,..., and yi,..., 

(iv) with the Hermitian form 

n 71 

1 1 

r~l s=l 

wdiere and aq are conjugate complex numbers; 

(v) with the linear transformations 


l/n 
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The theories of the matrix anti of its assoeiated forsns arc 
elosciv knit together. The plan of expounding these tlieories 
that I liave adopted is, roughly, this: Part I develops properties 
of the determinant; Part .1.1 develops the algebra of matrices, 
referring hack to Part I for any result about tletenninants that 
may be needed; .Part III develops tbe theory of the other 
associated forms. 





CHAPTER I 


ELEMENTARY PROPERTIES OF DETERMINANTS 


P Introduction 

1.1. In tJiC following cliapters it is assumed tliat most 
readers will alrcatly be familiar with determinants of the second 
and third orders. On the other hand, no theorems about such 
determinants are assumed, so that the account given here is 
com])lete in itself. 

Until the middle of the last century the use of determinant 
notation was practically unknown, but once introduced it 
gaiiK'd such po])ularity that it is now employed in almost every 
branch of mathematics. The theory has been developed to such 
an extent that few mathematicians would pretend to a know- 
ledge of the whole of it. On the other hand, the range of theory 
that is of constant application in other branches of mathematics 
is relatively small, and it is this restricted range that the book 
covers. 

1.2. Determinants of the second and third orders. 

Determinants are, in origin, closely connected with the solu- 
tion of linear equations. 

Suppose that the two equations 

X + y = 0, = 0 

are satisfied by a pair of numbers x and one of them, at least, 
being different from zero. Then 

b.,{a^x^b^y)~h^{a^x~\-b^y) = 0 , 
and so — 0. 

Similarly, ~ = fi- 

The number is a simple example of a determinant; 

it is usually w'ritten iis 


The terra, a^bo^ is referred to as The leading diagonal’. Since 
there are two rows and two columns, the determinant is said 
to be order two’, or ‘of the second order*. 








6 ELEMENTARY PROPERTIES OF DEl'ER-MtNAXTS 

The deternhriant has one obvious properly- hi (i), we 
interchange simultaneously % and b^, and b^, we get 
h-^a^~lK 2 <ix instead of 

That is, tlie intercliange of two columns of (1) reproduces the 
same terms, namelv and aj),, but in a ditlerent order and 


xlgain, let numbers x, y, and not all zero, satisfy the three 
equations a^x-\~h-j.y -\-c^z — 0, (2) 

a2X-\-b2y-\-C2Z = 0, (3) 

a2X~\-h^y-\rH^ = 0; (4) 

then, from equations (3) and (4), 

{a^b^—G^lh^x—ib^c^—b^c.^z = 0, 

and so, from equation (2), 

C3«2) + Ci(a2 68-~«3 62 }} === 0. 

We denote the coefficient of z, which may be written as 
cq h.y C3— 63 Cg-d-rt’s &3 Cl— «2 C3+cq b-^ h^c^, 

by A; so that our result is xA — 0. 

By similar working we can show that 


Since x, y, and s: are not all zero, A — 
The number A is usually written as 


in which form it is referred to as a ‘determinant of order tlirec’ 
or a ‘determinant of the third order’. Tiie term Ik, c.^ is 
referred to as ‘tlie leading diagonal’. 

1.3, It is tlms suggested that, associated -with 7 i linear 
equations in n variables, say 

GiX-\-b’^y-\~ ...-^kiZ = 0 , 

Gi,x-];-b2y-\~ ...-{~b:2Z — b, 
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there is a certain function of the cocfFieients which must be 
zero if all the equations are to be satisfied by a set of values 
a:, y,..., z vdiicJi are not all zero. It is suggested that this 
function of the coefficients may be conveniently denoted by 


(ii bi 

. h 

ttn bn . 

. h 

bn • 

. k 


in which form it may be referred to as a determinant of order n, 
and 62 called the leading diagonal. 

Just as we formed a determinant of order three {in §1.2) by 
using determinants of order two, so we could form a deter- 
minant of order four ]>y using those of order three, and proceed 
stej) by step to a, definition of a determinant of order n. But this 
is not the only possil)le procedure and we shall arrive at our 
definition by anotlier path. 

We shall first observe certain properties of determinants of 
the third order and then define a determinant of order n in 
such a way that these properties are preserved for deter- 
minants of every order. 

1 . 4 . Note on definitions. Thoi’o are many ways of 

a dotei'iniiiant of order n, though nli the definitions li.'ad to the .same 
result in the end. The only particular merit we claim for our own didini- 
tion is that it is ca.sily reconcilable with any of the others, and .so makes 
rcft'ronce to other books a simple matter. 

1.5. Properties of determinants of order three. As we 

have seen in § 1 . 2 , the determinant 

■ ■ «i ■ ■ Cl ■ „ , 

■ % . bn Cn ' 

bs C3 

stands for the expression 

-f % 62 Cj—Ui 63 Ca-f-Ug 63 Ci—flig bi Cg-j-rr., fq c-g— Ug b., Cji, (1) 

The following facts are all but self-evident: 

(I) The expression ( 1 ) is of the form 


2 db 
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wliftroin th© suib is taken over the six possible ways of assigning 
to r, s, t the values 1, 2, 3 in some order and without repetition. 
(.11) The leading diagonal term a^b^c.^ is prefixed by +* 

(III) As with the determinant of order 2 (§.1.2), the intor- 
chatigo of any two letters tliroughoiit the expression (1) re])ro-* 
duces the .same set of terms, but in a different order and with 
the opposite signs prefixed to them. Ifor example, when a, and b 
are iuterchangcd| in (1), we get 

-■f 6i a., c.^'—bi ^3 <"3+^3 ^'2 

which consists of tlie terms of (1), but in a different order and 
with the opposite signs prefixed. 

2. Determinants of order n 

2.1. Having observed (§l'.o) three essential properties of a 
determinant of the third order, we now define a determinant 
of order n. 

Defixitiox. The determinant 


is tJmt function, of the a's, b’s,.„, h^s which satisfies the three 
conditions: 

(I) it is an expression of the form 

2 (2) 
icherein the sum is taken over the n\ possible ways of assigning 
to r, 5,,.., $ the values 1 , 2 ,..., n in some order, and ivithovt 
repetition', 

(II) the- hading diagoml term, is girefixed by the 

sign +; 

(III) the sign gnefixed to any other term is such that the inter- 
change of any hvo leUers'l throughout (2) reproduces the same 

t Thfflughout wo UHO fine phrase ‘interehango a and 6’ to denote the 
simultaneous itilenluuigea and ftj, Oj and 62, a.^ and 63, and bn- 

■ t See. previous footnote. The interchange of p and g, say, means the 
sjahulwineoiig intorehnugOH ' 

Pi and f/i, P2 and and g,j. 
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.^c.i of fenrts, but In a differeM order of occwremce, and with 
ike opposite signs prefixed. 

Before proeecding we niu.st; prove that the definition yields 
one ion of the n’s, /Es,.,., k’a and one only, TIic proof that 
follows is divided inf o four main steps. 

First step. Let the letters a, l\ wliich corresj)ond to the 
columns of ( 1 ), bo written down in aiyy order, say 


An interchange of two letters tliat stand next to each other is 
called an adjacent jntekciiax(JE, Take any tw{) letters 
q, having, say, m letters between them in the order (A), By 
adjacent interchanges, in each of which p is moved one 
place to the right, wc reach a stage at which p comes next 
after q\ by m further adjacent interchanges, in each of which q 
is jnoved one place to the left, w^e reacii a stage at wliicli the 
order (A) is reproduced save that p and q have changed places. 
This stage has been reached by means of adjacent 

interchanges. 

Now if, in (2), w^e change all the signs 27«4-l times, we end 
■with signs opposite to onr initial signs. Aceordingl}'-, if the 
condition (III) of the definition is satisfied for adjacent inter- 
changes of letters, it is automatically satisfied for every inter- 
change of letters. 

Second, step. The conditions (I), (II), (TIT) fix the value of 
the determinant (of the second order) 


to be < 7 ^ 62 — ecgftj. For, by (I) and (II), the value must be 

and, by (III), the interchange of a and b must change the signs, 
so that we cannot have 

Third step. Assume, then, that the conditions (I), (II) , (III) 
are sufficient to fix tlie value of a determinant of order n~~l. 



f»v ill. a> In 

Mail is tn}i;t.n ovi^r tfie fw—i)! |„,s; 

t(, ,v. H the values 2, a k 

and uithouf repeljtiun. 

a’r. bv (U). a> apphVd to 

t be Ton« //.r, ... is prefi.xed by -f , 

. by (fH). ius applied to 

fUi irii«;n*han»,u« of auy two of the let, ter, s 6, e 
Hie sijVos throughout. (,‘|). 

■‘'. b\ <sur liy|,K;»the, sis tiiat the eonditiojis i 
valfie of a tictcrniiiiafd of order /f~~ I , the t 
' iia-. the siiHix { are given by 


/r changes 


oj) our as,suiijptjun that a doteriiHiiaui of order ii—l is 
<1 b> tie* 1 - 01 , diMun.s (1), (ll), (ni), li.xcs the signs of all 
ui ' Lfi t fjat rtujtain Uj/y,, Uj/xj..,., Uj/y, 

07// .w’/V/?. Tla* interchange of u and h in (2) must, by 
J-->n (If.!), change all the signs in (2). Hence the terms of 
a inch 6 Iras, flu' suffix 1 are given by 


for (:ild fiscs Hi(‘ .^imi of a. term ../r^ to lu* the oppo.site of 

tlie '/ign !>! ihc ferm u, ... in (I! a-). 

'fhe atijaemst interchanges h with e, e with d,. J with X- 
nou sht»w that (2) must take the form 
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. ^ ■■■ 


^2 Cg . 



ff-2 

Ik . 

• kz 

63 C3 . 

• ^3 

^■3 C3 . 

. k. 


Ug 

63 . 

. 

b c- 

'-'tl ‘ ' 

• K 

(■h. • 

. k^^ 



* 

. k,. 


... + {- 


iy ^-% ' 


a,y h,y 

ttg 6g 


Js 




^71 ' ‘ Jn 


i^) 


That is to say, if conditions (I), (IT), (III) define uniquely a 
determinant of order w— 1, then they define uniquely a deter- 
minant of order n. But they do define uniqueh’’ a determinant 
of order 2, and hence, by induction, they define uniquely a 
determinant of anj^ order . 

2.2. Rule for determining the sign of a given term. 

If in a term there are suffixes less than n that 

come after n, we say that there are A„ invei'sions with respect 
to n. Bor example, in the term there is one inversion 

with respect to 4. Similarly, if there are A,j_i suffixes less than 
n— I that come after ?i.— 1, we say that there are A„_i inversions 
with respect to >< — 1; and so on. The sum 

A" Ai+Aa-f ...-f-A,, 

is called the total number of inversions of suffixes. Thus, with 

n = G and the term „ i „ j „ ^ /r\ 

«4 ^3^2461/3. ( 5 ) 

Ag — 2, since the suffixes 1 and 5 come after 0, 

Ag “ 0, since no suffix less than 5 comes after 5, 

A,^ — .‘1, since the suffixes 3, 2, 1 come after 4, 

A3 ™ 2, Ag = 1, Aj = 0; 

the total number of inversions is 24-3d-2-[-l = 8, 

Ii aj,b_^...ko lias A,j inversions with respect to n, then, leaving 
the order of the suffixes 1, 2 ,..., n~l unchanged, we can make 
71 to he the suffix of the '?ith letter, of the alphabet by A^ adjacent 
interchanges of letters and, on restoring-, alphabetical order, 
make yi the last suffix. For example, in (fi), where A,j, ~ 2, the 
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By (I), the determinant contains a set of terms in which, a 
has the suffix 1 ; this set of terms is 

(S) 

wherein, by (I), as applied to A,;,, 

(i) the sum is taken over the (?i— 1)! possible ways of 
assigning to s, t,..., 6 the values 2, 3,..., -yi in some order 
and without repetition. 

Moreover, by (II), as applied to A„., 

(ii) the term 6g Cg . is prefixed by -j- • 

Einally, by (III), as aijplied to Aj,, 

(iii) an interchange of any two of the letters b, c,..., A; changes 
the signs throughout (3). 

Hence, by our hypothesis that the conditions (I), (TI), (III) 
fix the value of a determinant of order n—1, the terms of (2) in 
wliich a has the suffix 1 are given by 

I A)g Cg ■ . [ * 


This, on our assumption that a determinant of order n~~l is 
defined by the conditions (I), (II), (III), fixes the signs of all 
terms in (2) that contain ^163,..., 

Fourth step. The interchange of a and b in (2) must, by 
condition (HI), change all the signs in (2). Hence the terms of 
(2) in which b lias the suffix 1 are ghmn by 

- ^'2 % • • ^ 2 1 j 

% • • ^3 1 K 


for (3 b) fixes the sign of a term 6,1 ko to be tlie opposite of 
the sign of the term aib^Ci...k0 in (3a). 

The adjacent interchanges b with c, c with d, y with k 
now show that (2) must take the fo,rm 
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11 


«1 

62 Co . 

. Jc. 

—61 

Cg . 


+Ci 

Ug b.y . 

. h 


b^ C3 . 

. k. 


O3 C3 . 

. h 


«3 ^3 • 



b,^ c.„ . 




. k. 


«« • 



a 2 • 

- J 2 

«3 h • 

• is 

6,, . 

* Jit 


(4) 


That is to say, if conditions (I), (II), (III) define uniquely a 
determinant of order n—l, then they define uniquely a deter- 
minant of order n. But they do define uniquely a determinant 
of order 2 , and hence, by induction, they define uniquely a 
determinant of any order. 

2.2. Rule for determining the sign of a given term. 

If in a term a^bg...l'o there are suffixes less than ii that 
come after n, we say that there are inversions with respect 
to n. For example, in the term there is one inversion 

with respect to 4, Similarly, if there are suffixes less than 
n~~ 1 that come after n—\, we say that there are A„„i inversions 
with res})eet to 1 ; and so on. The sum 


jiV ~ Ai-f-A^-l-.-.+Ajt 

is called the total number of inversions of suffixes 
n — 6 and. the term 


A. 


*^4 ^3 *^2 ^G 

2, since the suffixes 1 and 5 conic after 6 , 

0, since no suffix less than 5 comes after o, 


Thus, with 
(5) 


A 4 — 3, since the suffixes 3, 2, 1 come after 4, 

A 3 = 2 , A, = 1 , Ai = 0 ; 

the (;otai number of inversions is 2-l-3-f-24~l = 8 , 

If ... kg has A^j inversions with respect to n, then,. leaving 
tho order of the suffixes 1 , 2 ,..., n~l unchanged, we can make 
n to be the suffix of tlie 7ith letter of the alphabet by A^^, adjacent 
interchanges of letters and, on restoring alphabetical order, 
make n- the last suffix. For example, in (o), wffiere A^ = 2 , the 
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two adjacent interchanges / with e and / wdth d give, in 
succession, 

On restoring alphabetical order in the last foriii, we iiave 
aJ>^c^d^ejQ, in which the suffixes 4, 3, 2, 1, 5 are in tiieir 
original order, as in (5), and the suffix 6 comes at the end. 

Similarly, when n has been made the last suffix, adjacent 
interchanges of letters followed by a restoration of alphabetical 
order will then make 9?.— 1 the (n— l)th suffix; and so on. 

Thus Aj-f Ag-f adjacent interchanges of letters make 

the term a^b^.„kQ coincide with (Tlf), the sign 

to, be prefixed to any term of (2) is where N, i.e, 

Aj-f Ag-f.-.+Ajj, is the total number of inversions of suffixes. 

2.3. The number N may also be arrived at in another way. 
Let 1 w < In the term 


let there be suffixes greater than m that come before m. 
Then the suffix m comes after each of these greater suffixes 
and, in evaluating N, accounts for one inversion with respect 
to each of them. It follows that 


3. Properties of a determinant 

3.1 . Theoeem 1. The deterTninant o/§ 2.1 can be expanded 
in either of the forms 
(i) 

where N is the total number of inversions in the suffixes r, 5,,.., 9; 
(li) aAb^ Cg . . j ^2 Co . . A, 


Tliis theorem has been proved in § 2, 


^2 Cg * 

* ks 

-~h 


Co . . 

63 C, 

• k^ 


% 

C3 

^n ‘ 

• K 



Cjj 
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Theorem 2. A determinant is unaltered in value when rows 
and columns are interchanged; that is to say 


By Theorem 1 , the second determinant is 


where a, k are the letters a, 6 ,..., ^ in some order and M is 
the total number of inversions of letters. 

[There are inversions with respect to k in if there 
are letters after k that come before k in the alphabet; and so 
on; is the total number of inversions of letters.] 

Now consider any one term of (7), say 

(— ( 8 ) 
If we write the product with its letters in alphabetical order, 
we get a term of the form 

(9) 

In (8) there are letters that come after k, so that in (9) tliere 
are suffixes greater than 6 that come before 0, There are 
hn-i iefters that come before j in the alphabet but after it in 
(8), so there are suffixes greater than t that come before 
it in (9); and so on. It follows from |2.3 that if, which is 
defined as ^ {!„, is equal to N, where N is the total number of 
inversions of suffixes in (9). 

Thus (7), which is the expansion of the second determinant 
of the enunciation, may also be written as 

which is, by Theorem 1, the expansion of the first determinant 
of tbe emmeiation; and Theorem 2 is proved. 

Theorem 3. The interchange of two columns, or of tu'o rows, 
in a determinant 7nuUipUes the value of the determinant by 
It follows at once from (III) of the definition of that an 
interchange of two columns, i.e. an interchange of two letters, 
multiplies the determinant by -^1. 




14 ELEMENTABY PROPEKTTES OF DEl’ERMIYAN'rS 



Hence also, by Theorem 2, an interchange of two rows 
multiplies the determinant by —1. 

CoEOLLAKY. If a Column {row) is moved past an even mimber 
of colwmis {rows), then the value of the determinant is unaltered; 
in partioular 


If a column {row) is moved past an odd number of columns 
{rows), then the value of the determinant is thereby 7nulti;plied 


For a column can be moved past an even (odd) number of 
columns by an even (odd) number of adjacent interchanges. 
In the particular example, abed can be changed into cabd 
by first interchanging b and c, giving acbd, and then inter- 
changing a and c. 

3.11. The expansion (ii) of Theorem 1 is usually referred to 
as the expansion by the first row. By the coroilary of Theorem 
3, there is a similar expansion by any other row. For examj.)le. 


and, on expanding the second determinant by its first row, the 
first determinant is seen to be equal to 


i ^4 C 4 ^4 1 i ^4 C4 4 I I 64 4 I I ^4 
Similarly, we may show that the first determinant 
written as 

4 dj^ ^ 

1 b^ Cg diQ fjg Cg da an bo do I j ao 1 


h 4 

™"4 

1 Cl 4 

“'^Cg 1 

h 4 

4 

b^ Cg 4 


! Cg fl/ei i 


a^ bo d/^ 


64 C4 4 


®4 ^4 .4 i 


a-i 64 4 1 




4 

h 

.4 


«3 

^^3 


4 

«2 

bo 


4 



4 

Cl 

4 

^3 

4 


4 



bo 

C 2 

4 

«4 

4 

^4 

4 


^4 

4 

C 4 

^4 


£*4 

4 

Cl 



Cl 


4 

di 


4 

C 2 

4 


; Co 

ag 

^2 

4 

% 

4 

C 3 

■4 

i 

r 


«3 

4 

4 

^4 

4 

C 4 

4i 

1 

C 4 

«4 

4 

4 


4 Cl 4 

'4'4 

% Cl 4 

4 C3 4 


®g Cg 4 

^4 C 4 4 


®4 C4 4 


-{-4 


4 

Cl 


% 

4 

C 3 

1 

«4 

4 

C 4 
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Again, 1)3'^ Theorem 2, we may turn columns into rows and 
rows into columns without changing the value of the deter- 
minajit. Hence there are corresponding expansions of the 
determinant by each of its columns. 

We shall return to this point in Chapter II, § I . 

3.2. Theorem 4. 7/ a determinant has two cohinms, or two 
rmes, identical, its value is zero. 

The interchange of the tw’o identical columns, or roAvs, 
leaves its value unaltered. But, by Theorem 3, if its value is x, 
its value aftei- the interchange of the two columns, or rows, 
is — ;r. Hence x -- — r, or 2a: — 0. 

Theokem o. If each elcmmt of one column, or row, is muUi- 
2 >lied by a factor K, the value of the determinant is thereby rnnlii- 
plied by K. 

Tliis is an immediate corollaiy of the definition, for 

l±Ka,h,...kf,^K-Z±aA-k- 

3.3. Theorem fi. The determinant of order n, 




a.y\-ix.2 ^2T/3o . 





is equal to the sum of the 2” determinants corresqmnding to the 
2"' different ways of choosing one letter from each column; in 
particular, 

is the sum of the four determinants 


h \ 



• • ' :! 

7 


3 

% 

^2 ^2 


^3 ^3 


^2 ^2 


1 Pa 


This again is obvious from the definition; for 

2 


is the algel>i’aic sum of the 2'^^ summations typified by taking 
one term from each bracket. 
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3.4 . Titeore!^! 7, The vahie of a fleiermimnt is mialferefl if 
to each ckmmt of one column [or rou') is added a constant 
multiple of the cnvrespondinij elcMcni of cxnother coliun-u (or tow); 
in particular, 

(T.g 62 c.> I I «2+A62 62 Cn, 1 

I «3 h ^’3 i ; ; 

Proof. Lei the determinant bo of § 2.1, x and // the ietters 
of two distinct colmmis of A,,. Let Aj, be the determinant 
formed from A,, by replacing eacli of the x column by 
where A is independent of r. Then, by Theorem 1, 

A' y ... (.r„-fA;//A ... y , ... I'e 



•• (•-i'u- 

fAyJ... 

■Vf 

■ h 



i«i ^h • ■ 

• Vl 

• 1 + 


ih 

■ ^ih 

. th • 

a.^ 1)2 . a"2 . 

■ 1/2 

. h\ 

«2 

k 

■ kk 

• 2/2 • h 

[«'« ■ 

' Vn 

. h ! 

cr„ 

h„ , 

■ ■ 

’ Vn ' ^>7 


' ' But the second of these is zero since, by Theorem 5. it is A tit nes 

>: a determinant which has two columns identical. H enc'e A^ = A,, . 

. , Corollaries oe Theorem 7. Idiere arc many extensions of 

' Theorem?. Bor example, by repeated applications of Theorem 7 
it can be proved that 

, We may add to each column {or row) of a- determinant fixed 
' ’A ‘ mvliiples of the svBSEqxjwsix columns {or rows) and leave the value- 
‘ ' y' ‘ of the determinant unaltered; in particular, 

• ^Y^-, h «i|= «i+A6i+gCi cf,. 

■ I 1^2 ^2 i ^2 f 

. . ^3 <^,3! %+A63+gC3 hg+i'Cg C3 { 

There is a, similar enrnllaru irifk PUEOTfinrKa instead nt' 


bo'.*: ■ 
\'rT . 






: % 63 Cg ; j ag+A^g + gCg hg+I'Cg Cg { 

There is a similar corollary with rrecEding instead of subse- 


ui’ ' 


Another extension of Theorem 7 is 

We may add multiples of any one column {or row) to ei'ery other 
olurnn {arrow) and- leave the value of the determinant unaltered; in 




be;,: 







■ ■ >■ llhr-k? 
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There tii-e many others. But experience rather than set rule 
is the better guide for further extensions. The practice of 
adding iiiuhii)le.s of columns or rows at random is liable to lead 
to error unless eacii .step is checked for validity by appeal to 
Tlieoreiii G. For example, 

A = I Ci+rc?! 

j ^2+ftC2 c^-^va^ 

! 

is, by Theorem G, 


rq h, 


d* A61 

fiCi 

m- 

Oo bo 

Co ; 

Abg 

JjiCo 

va. 

fh h 

fs 

A63 

gC3 

va. 


all the other dctermiiiaiits envisaged by Theorem 6, such as 

I A6j bj Cj 

! A62 ho C'a 

I h <^3 . , 

being zero in virtue of Theorems 4 and 5. Hence the deter- 
minant A is equal to 

( 1 q-'Ap.r'), ffj b 
ao b 


Noth, Ota.' of Oio moro curious errors into -whie}! one is led by adding 
inultipt's of rows at random is a failacious proof tliat A ~ 0, In the 
example just given, ‘subtract .second colvxnm from first, add .second and 
third, adti lirst and third’, corresponds to A --■= ~l, ^ 1,p “ 1, a choice 

of valut's that will {%vrongly, of course) ‘prove’ that A — 0: the .mani- 
pnitation of the columns has not left the value unaltered, but multiplied 
the dot ermiimnt by a zero factor, i-fAfti'. 

3.5. Applications of Theorems 1-7. As a convenient 
notation for the a])plication of Theorem 7 and its corollaries, 
ve shall n.-'C 

to denote that, starting from a determinant A,i, we form a new 
determinant- A'^ whoso /Th row is obtained by taking Z times the 
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first row plus m times the second row plus.. .plus t times the 
nth row of The notcation 

4 = ACi+A4C2+... + /fC„, 

refers to a- similar process applied to columns. 


Examples I 


The working that follows is an illustration of how one may deal with 
an isoIat(jd numerical dc'tenninnnt. Fur a systematic method of cotn- 
puting determinfuits (one which reduces the order of the determinant, 
from, say, 6 to 5, from 5 to 4, from 4 to 3, from 3 to 2) the roaxler is 
referred to Whittaker and Robinson, The Calculus of Observations 
(London, 1926), chapter V. 

On wTiting c[ = Ci — 2c2— Cg, C3 = Ca-f-Sc^, 


by Theorem I. On expanding the third-order determinants, 
A = _42{2(30)-13(-24) + 67(-96 + 48)}+ 

+ {2(102 + 108)-13(108-171) + 67(-216-323)}, 
, 2. Prove that t . . 

11 1 11= (a~~^){^~y)iy-a). 


Cg, the determinant becomes 


t This determinant, and others that occur in this 
evaluatod quickly by using the Remainder Theorem, 
as exercises on §§ 1-3. 
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wliich, by Theorems 1 and 5, is equal to 

-1 ~] 
y a 

{(x—§){^—y){y—0L). 


3. Pro\'o that 

A rH 


0 (ce~y)'^ (cx—S)^ 

I 0e-a)2 0 {^-yf 

i iy—oif {y--§f 0 {y-SF 

I (S—a)" {S— jS)® (8-r-y)® 0 j 

When wo have studied the multiplication of determinants we shall 
see (Examples IV, 2) tliat the given determinant is ‘obviously’ zero, 
being the profluct of two determinants each having a cohimn. of zeros. 
But, at isrt'st'iit, we treat it as an exercise on Theorem 7. Take 

r[ — r^ —r^ and remove the factor a—fi from r[ (Theorem 5), 

r!, ■- r 2 — ?’y and remove tlie factor j8— y from r!^, 

r' = T^—T^ and remove the factor y— S from rj. 

Theii A/(c5i-“j8)(/3— y)(y-~S} is equal to 


I --a-h^ a—^ 

— ^4-y 

j y4-8”-2ffi y-pS— 2^ 

I (S~~a)“ (S-“jS)® 

In this take cji -== Cg— ( 

y--^, S--y; it becomes 

(/5-a)(y~:^)(8“'y) 

2 
2 , 


. a£+/5--2y a+^— 2S 

jS — y ^+y — 28 

■~-y4-8 y— 8 

(S-y)2 0 


cs-t—Ci and remove tho factors 


28— ex' — jS 2S—/3— y 8— y 
In the last determinant take 


a+iS— 28 
jS+y— 28 
y — 8 
0 


0 

0 

2 

28 — a— j8 


- 1 1 

0 

0 

2 

-§~y 



- rg- 

0 

a—y 

0 

p-s 

2 

y — 8 

5— y 

0 


r,; it becomes 


wliich, on expanding I.>y the first row, is zero since tho iloterrninant of 
order 8 that multijilies a—y is one with a complete row of zeros. 

4. Prove that 
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6. Provo that 


7v Provo that 


Hint. ETse Thoorom 6, 

8. Prove that 


9. Prove that 


10. Provo that 


{af-be+cdy 


The; detenninant may bo evaluated directly if we consider it as 


^ l}^a^hgCtd,,j, tlio value of N being determined 
'I'liere art', however, a nuinb(M‘ of zero terms in the 
0 iwti-ze.ro terms are 
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two terms nehj [one Cj dj^, the other 03 bi Cj, dg, and so each prefixed 

two terms ad/i'- prefixed by + , and two terms cdbe each prefixed by 

Hence A = — 2ae6/-T"2a/cd~26ecd. 

IL Prove that the expansion of ' ^ 

0 c & d 
o' 0 a 6 T ■ 
b a 0 f 
d e f 0 

is + 6"e- + c®/ * ~ 266*e/— 2ca/ci! — 2a6de, 

12. Prove that the expansion of 

■0 1 ' 1 ■ 1 . 

, VV';- 0: , 

; .;v 1 ■. 'z^ ■■0, a;®' ' ' ' ■ 

. 1 ' y® a'® ',.'0 ■ , 

is 2 

13. {Harder.) Express the determinant 

x+a b ■ ' c ■ d ■ 

■ ■ : ■ b ' ' ir-fc d a 
c d x+a b 

d a b x+c -■ 

as a product of factors. 

Hint, Two linear factors .T-4-«-|--ci: {&“|-d) and one quadratic factor. 

14. From a determinant A, of order 4, a new determinant A'' is 
foruiod i»y taking 

c'l Cji-hA<?2, C ‘4 = Cg+fiCg, c's ~ Cgd-VCi, c'i ~ C4. 

Ih’ovc that A' == {l-rAjai^)A. 

4. Notation, for determinants 

The determinant A,^ of §2.1 is sufficiently indicated by its 
leading diagonal and it is often written as 

The use of the double suffix notation, which we used on p). 3 
of the preliminary Note, enables one to abbreviate still further. 
The determinant that has as the element in the rtii row 
and the sth column may be written as 
Sometimes a determinant is sufficiently indicated by its first 
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row; thus may be indicated by 

the notation is liable to misinterpretation. 

5 . Standard types of determinant 
5.1. The product of differences: alternants, 

Theobem 8. The determinant 


1 


y 

y 

1 


is equal to the correspond- 
ing determinant of ordern, namely ... 1 ), is equal to the 

product of the differences that m7i be formed from the letters 
at, /I,..., K appeai'ing in the determinmit^ due regard being paid 
to alphabetical order in the factors. Such determinants are called 
ALTERNANTS. 

On exx^anding A 4 , we see that it may be regarded 

{a) as a homogeneous polynomial of degree 6 in the variables 

a, y, S, the coefficients being d: l ; 

{b) as a non-homogeneous xjolynoniial of highest degree 3 in 
a, the coefficients of the powers of a being fuiictions of 
^,y, S. 

The dclenninaiit vanishes when a — since it then has two 
columns identical. Hence, by the R,emainder Theorem apx)Iie(l 
to a polynomial in a, the determinant lias a fa(?tor a-~/5. J5y 
a similar argument, tiie difference of any two of a, y, 8 is a 
factor of A 4 , so tiiat 

A 4 = K{oL—^){(x—y){a—h){^~y){^—h){y--b). ( 10 ) 

Since A 4 is a homogeneous polynomial of degree 0 in a, y, S, 
the factor K must he independent of a, /?, y, S and so is a, 
numerical constant. The coefficient of (x^jSy on the right-hand 
side of (10) is K, and in A 4 it is 1 . Hence iC — 1 and 

A 4 = (n:—^)(a~-y)(Q:~3)(^.-y)(^— S)(y— S), 

The last; product is conveniently written as i{(x,^,y,b), and 
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the corresponding product of differences of tl:ie n letters 
«, K as /S,,.., k). This last product contains 

■factors and the <legreo of the determinant (a”— '-‘■jS”-- ... 1) is 
also («— - 1) + (■«.— so that the argument used for 
is readily extended to A,, . 


5.2. The circttlant, 
Thecvkkm 9. The determmmit 


where the -product w taken over the n-fh roots of unity, 
deterynrnant is called a oirculant. 

Let CO 1)0 any one of the n numbers 


-j- i sin 


In A replace the first column by a new column c[. wlicre 
c[ = Oi4-cuC2+a)%3+...-l'Cu'^-hV,. 

This leaves the value of A unaltered. 

The first colniiin of the new determinant i.s, on, using the fact 
that cy" = 1 and writing ^ 

+ = 0J(Xi 


Hence the first column of the new determinant has a factor 



24 ELEMENTARY PROPERTIES OF DETERMINANTS 

CX se winch is therefore (Theorem r>) a 

factor of A. This is true for o) = cof. {k — 1, 2,.,.,??.), so that 

A = A'H (1^ 

■ k^l ' 

Moreover j since A and n are homogeneous of degree 72- in the 
variables tlie factor A” must be independent of these 

variables and so is a numerical constant. Comparing the 
coefficients of a? on the two sides of (11), we see that K L 


6. Odd and even permutations 
6.1. The 72 . numbers r, d are said to be a pehmutatiun 
of 1, 2 ,..., 72 . if they consist of 1, 2 ,..., n in some order. We can 
obtain the order (9 from the order 1, 2 ,..,, n by suitable 

interchanges of pairs; but the set of interohanges leading from 
the one order to the dther is not unique. For example, 
4 3 2 (3 1 5 becomes 12 345 6 after the interchanges denoted by 

/4 3 2 6 1 5\ /I 3 2 6 4 5\ /I 2 3 6 4 r>\ M 2 3 4 6 5\ 

il 3 2 6 45/’ \l 2 3 6 4 5j’ \l 2 3 4 6 o/’ U 2 3 4 5 o/’ 

whereby we first put 1 in the first place, then 2 in the .second 
place, and so on. But we may arrive at the .same final result by 
first putting 6 in the sixth place, then 5 in tlie fifth, and so on: 
or we can proceed solely by adjacent interchanges, beginning by 

p 3 2 6 im p3210S\ 

\4 3 2 1 6 6/’ \4 3 1 2 0 r>j’ 

as first steps towards moving 1 into the first place. In fact, as 
the reader will see for himself, there is a wide variety of sets of 
interchanges that will iiltima-tely change 4 3 2 615 into 12 3 4 5 6. 

Now suppose that there are K interchanges in any one way 
of going from r, 5,..., 0 to 1, 2,..,, n. Then, by condition 111 in 
the definition of a determinant {vide § 2.1), the term a^h^...JcQ 
in the expansion of A,i s is prefixed by the .sign 

(— 1)^E But, as we have proved, the dofiiiition of A„ liy tlie 
conditions I, II, III is unique. Hence the sign to lie jircfixed 
to any given term is uniquely determined, and thcrelbro the 
sign (—1)^'^' must be the same whatever set of in(:erc}ianges is 
used in going from r, 5 ,..., 6 to 1, 2 ,..., 77, Tims, if one way of 


ELl^lMEKTARY PR,OPEBTIES OF DETERMINANTS 25 


going from r, 6’,..., 0 to 1, 2 ,..., n involves an odd (even) mimlber 
of interchanges, so does every way of going from 9 

to 1, 2...., ?i, 

According],y, every permutation may be characteriEed either 
as EVEN, when the cliange from it to tlie standard order 1,2,..,, n 
can be effected by an even number of interchanges, or as odd , 
when the change from it to the standard order 1, 2,..,, n can 
be effected by an odd number of interchanges. 

6.2. It can be proved, without reference to determinants, 
that, if one w-ay of changing from r, s,..., 6 to 1, 2 ,..., n involves 
an odd (even) numlx'r of interchanges, so does every way of 
effecting the same result. When this has been done it is 
legitimate to defi7ie A,, {a^h.^.-Jc^) as X' where 

the plus or minus sign is prefixed to a term according as its 
suffixes form an even or an odd permutation of 1, 2 ,..., n. 
This is, in fact, one of the common ways of defining a deter- 
minant. 


7. Differentiation 

When tlie elements of a determinant are functions of a 
variable, x, the rule for obtaining its differential coefficient is as 
follows. If A denotes the determinant 

1 

n, 

and the elements are functions of x, d/S.Jdx is the swm of the 
n determinants obtained by differentiating the elements of 
one row (or column) of A and leaving the elements of the other 
71—1 rows (or columns) unaltered. For example, 


d 

dx 


a;- 


X 

a" 


== 

2a: 

1 0 ; 

4- 


X 

1 




X^ X \ 


3a;® 

2x 

1 



^4 

n.3 ,^.2 

*1/ 




a;® 



x^ 

X 

x^ 

i 

X 

4a;® 

3a;® 

2x 


4702 
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The proof of the rule follows at once from Theorem i; since 

tlie usual rules for differentiating a product give 


Since, for example, 


diiijdx is the sum of n determinants, in each of wdiich one row 
consists of differential coefficients of a row^ of A and the remain- 
ing n~l rows consist of the corresponding rows of A. 


Examples II 


I. Prove that 


Hint, Take c: 

2. Prove that 


3. Prove that 

1 y+a (y+a)® 

1 a-LjS (a+^Y 

4, Prove that each of the determinants of the fourth order whose 
first rowa are (i) Ir §~\-y-h^> oY, ; (ii) 1, od’, j8®H-y®-f 8^, ^yo, is cnjual to 
d:ti<x,^,y,B). Write down other determinants tliat equal ±^(o!,^,y, 8). 

* 5. Prove that the ^skew’ cireulant 

1 % az ■ • • Oti [ = n + + 


where i„ lui..-, through the n roots of w-1 



(iz • 

. . a„ 






. • an~z 

-- '■« 


■ . 


1 

^+y 

j8®4-y® 


1 

a 

-cY: 

1 

y-T-a 

y^-j-a® 


1 



I 


0!®-f 


I 

y 
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6. Provo that the circulant of order 2n whose first row is 


tho protiuct of a cii-culant of order n (with first row «,+<*» 
i-a^.-O and a skew circulant of order n (with first row 


1. Prove that the ch'culant of tho fourth order with a first row 


9. By putting a; = y~'^ in Example 8 and expanding in powers of y, 
show that the sum of homogeneous products of Oj, ag,..., a„ of 
dcgrt'o p, is equal fo 


Hint. The first three factors arc obtained as in Theorem 8. Tho 
degree of the detenninant in cx, y is four; ho tho remaining factor 
must be linear in a, y and it must be uuaitered b^' the interchange 
of any two letters (for both tiio determinant and the product of the 
first three factors arc altered in sign by such an interchange). 

Alternatively, consider the coefficient of S" in the alternant l{oc,^,y, B). 

11. Prove that 

j 1 i 1 { — {^~~y)iy—(x){a—P){^yf-ya.-\-a^). 


12. Extend the results of Examines 10 and 11 to determinants of 
ijher order. 
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CHAPTER II 

THE MINOl^S OE A DETERMIKANT 
1 . First minors 

1 . 1 . In the determinant of order n, 

K = I h * * h > 

j (Xg ■ • . • ■ ' 

\^n ' 

the determinant of order 1 obtained by deleting the row 
and the column containing is called the minor of and so 
for other letters. Such minors are called first minors; the 
determinant of order n~~2, obtained by deleting the two rows 
with siihixes t, s and the two columns with letters «, b is called 
a SECONP minor; and so on for third, fourth,... minors. "We 
shall denote the first minors by . 

We can expand by any row or column (Chap. I, § 3.11); 
for example, on expanding by the first column, 

or, on expanding hy the second row, 

A,j == •••“!-( ''^2- (2) 

1 . 2 . The above notation requires a careful consideration 
of sign in its use and it is more convenient to introduce 
co-FACTORS. They are defined as the numbers 

Ap,Bp,..,,Kp (r = 1,2,...,??) 
such that A^j ™ n 

= bi^BjArb2,B^-\~--’-\-b;^Bji 

these being the expansions of A^ by its various columns, and 

these being the expansions of A,^ b}^ its various row's. 
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It follows from the definition that Ay, By,.., are obtained by 
prefixing a suitable sign to «,,, ^y,.,,, 

1.3. It is a simple matter to determine the sign for any 
pa-rtic III ar minor. For example, to determine wliether 63 is 
-'j-yo or —y^ we observe that, on interehaiiging the first two 
rows of 


A,. 


(to 


h 


h. 

h 


““ ^^2 yo “f* • * • y 

while, by the definition of the 00 -factors 

A,,. =■--= (i.y A.2~\-h., i?2+ CoCa + . . . : 
so that 0-2 — }'2- 

Or again, to determine wdiother i>.} is -f-Sg or —S3 we observe 
that Ay^ is unaltered (Theorem 3, Corollary) if ive move the third 
row np until it becomes the .first row, so that, on ex'panding by 
the first row of tlie determinant so formed, 

Ah = ■ 


and BO D., 


-S«. 


1.4. If we use the double sufiix notation (Cliaxi, I, § 4), the 
co-factor of a-,, in [a,,J is, by the procedure of§ 1.3, ( ■-l)''+s--2 
times the minor of ay/, that is, Ay^^ is (—1)'' ''^ times the deter- 
minant obtained by deleting the rth row and 6'th column, 

2. Wc have seen in § 1 that, with ^ [a^ b.2 ... l'^), 

A/i (ly Ay~\~i>y By-f- • ^r’ (^) 

If we rejilace the rth row of A^.^, namely 

• ' ' y ■ ■ ■ 

by a, ... Ic^, 

where s is one of the numbers 1 , 2 ,..., n other than r, we thereby 
get a determinant hav.mg two rows ... k/ that is, we get a 
determinant equal to zero. But Ay, By,..., iq. are unalTectcd by 
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such a change in the rth row of Hence, for the new deter- 
minant, (3) takes the form 

A corresponding result for columns may be proved in the 
same way, and the results summed up thus: 

The sum of elements of a row {or column) rnuUijflic/I by iJieir 
own co-factors is A; the sum of elements of a row multiplied by the 
corres2)07iding co-factors of another roiu is zero; the sum of ele- 
ments of a column multiplied by the correspondmg co-factors of 
another columii is zero. 

We also state these important facts as a theorem. 

Theorem 10. The determinant A ~ {a-^^ h„ ... h,^) may be 
expanded by any row or by any colmnn: such expansions take 
one of the forms 

A ~ aj.A.p-\-h^ ldp-\- (5) 

where r is any one of the numbers 1, 2 ,..., n and x is any one of 
the letters a, b,..., k. Moreover., 

tb ~ ag Aj,-\-hgBj.-{-.,.-\~hgK^, (7) 

0 = ( 8 ) 

where r, s are two different numbers taken from. 1, 2,,.., n and 
X, y are two different letters taken from a, b,..., k. 

3. Preface to §§ 4-6 

We come now to a group of problems that depend for their 
full discussion on the implications of ‘rank’ in a matrix. This 
full discussion is deferred to Chapter VIII. But even the more 
elementary aspects of these problems are of considerable 
importance and these are set out in §§ 4-6. 

4, The solution of non-homogeneous linear equations 
4,1. The equations 

— 0 , a^x-k-h^y-\-c.2^z = (I 

are said to be homogeneous linear equations in x, y, z; the 
equations . aj^x-j-bj^y —Gj_, a^^^-k-h^y ~ --c.^ 

arc said to be non-homogeneous linear equations in x,y. 
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4.2. If it is possible to dioose a set of values for x, i so 
that the m equations 

X -h y -I- , . , -L i=r.l^ (r --•= 1,2,.,., m) 
are all satislied, these 6C[nations are said to be consistent. If 
it is not j)osyiblo so to clioosc the values of .r, f, the equa- 
tions are said to be inconsistent. For example, x-j-y 2, 
==.. 0, 3t — 2?/ 1 arc consistent, since all three equations 

are satisfied when x == 1, y = 1; on the other hand, x-j-y = 2, 
x—y ~~ 0, Zx~-2y — 6 are inconsistent. 

4.3. Consider the n non-homogencous linear equations, in 
the n variables x, y,..., t, 

a-^x-\-b^y-^r“,+k^t (r = 1, (9) 
Let A s (f 2 j 6^ ... /i’,J and let be the co-factors of 

ay, in A. 

thnee, by Theorem 10 , ^ A^. — A, ^ h^A^ ~ 0 ,..., the result 

of multiplying each equation (9) by its corresponding and 
adding i.s 

A.e'-}-0.;y-[-'-”~f 

that is, A.i: ~ {Ii 6., Cg ... A’„), (10) 

the detcrniinant obtained by writing I for a in A. 

Similarly, the rosnit of mnltiptying each equation (9) by its 
corresponding and adding is 

Ay = — {^1 h (^^■) 

and so on. 

Wlien A # 0 tlie equations (9) have a unique solution given 
hy (10), (11), and their analogues. In words, the solution is 
‘A. a; is equal to the deierminant obtained by putting I for a in iS.; 
A,y is equal to the determinant obtained by putting I for b in A; 
and so on\'\ 

When A = 0 the non-liomogeneons equations (9) are incon- 
sistent im]e.ss each of the determinants on the right-hand sides 
of (10), (11), and their analogues is also zero. 'When all such 
determinants are zero the equations (9) may or may not be con- 
sistent: we defer consideration of the problem to a later chapter. 

t Some Toadora may already be familiar with difleretit- forms of soiling out 
this result — the differences of fonn are unimportant: 


igMiKliitf 
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5. The solution of homogeneous linear equations 

Theorem 11. A necessary and sufficient condition that values, 
not all zero, may be assigned to the n variables x, y,..,, t so that 
the 71 homogeneous eqmtions 

ayXd~bf.y-{-.,.~\~h'^ = ^ (?•= 1 , 2 , ( 12 ) 
hold simultmieously is (% b., Jc.„) = 0, 

5.1. Necessary, Let equations (12) be satisfied by values 

oix, t not all zero. Let A (^i b^... JcJ and lot A,, B,.... be 
the codactors of a,, b„... in A. Multiply each equation ( 1 2) by its 
corresponding A^ and add; the result is, as in A;r == 0. 

Similarly, Ay 0, Az 0,..., At -- 0. But, by hypothesis, at 
least one of .r, y,..., t is not zero and therefore A must be zero. 

5.2, SuFFTCIETSTT. Let A_^— 0. 

5.21. In the first place suppose, further, that Aj^ 0. 
Omit r = l from (12) and consider the n—1 equations 

5j,yd-0;.sd-...+/lyi{ === -~-a,,x (r = 2, 3,..., w), (13) 

where the determinant of the coefficients on the left is A^. 
Then, proceeding exactly as in § 4.3, but with the determinant 
A I in place of A, we obtain 

dj y = -(^2 C3 ... I'Ax B^x, 

A^z = -(63 «3 ^4 K)^ = 

and so on. Hence the set of values 

x-^A^t y ^ B^i, z^CJ, 
where | # 0, is a set, not all zero (since A^^^ ^ 0), satisfying the 
equations (13). But 

-Bjd” A 0, 

and hence this set of values also satisfies the omitted equation 
corresponding to r — 1. This proves that A = 0 is a sufficient 
condition for our result to hold provided also tluit 0, 

If .di = 0 and some other first minor, say Cl^, is not zero, an 
interchange of the letters a and c, of the letters x and z, and of 
the suffixes 1 and s will give the equations (12) in a slightly 
changed notation and, in this new notation, (the of the 
old notation) is not zero. It follows that if A = 0 and if any one 
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first minor of A is not zero, values, not all zero, may be assigned 
to a:, I/,..., t so that equations (12) are all satisfied. 

5.22. Suppose now that A — 0 and that every first minor of 
A is zero; or, proceeding to tlie general case, suppose that all 
minors with more than R rows and colmnns vanish, bnt that at 
least one minor with li rows and columns does not vanish, 
(diaiigc the notation (by interchanging letters and intcrcha.ng“ 
ing suffixes) so that one noii-vanisliing minor of 7t! row's is the 
first minor of in the determinant {a^ b., ... where c 

denotes the (/t-hl)th letter of the alphabet. 

Consider, instead of (12), the i?+l equations 

n,.r+6,;y+... + C-A= 0 (r = 1, 2 ,..., i^-j-l), (12^ 

where A denotes tlio (ii~{-,l)th variable of the set ,r, 2 /,... . Tlie 
determinant A' (a^ ... e^.u.i) ™ 0, by hypotliesis, while the 

minor of cq in A' is not zero, ahso by hypothesis. Ilcncjc, by 
§5.21, the equations (12') arc satisfied when 

X = y = .Bj, A “ hi, (14) 

where are the minors of a-i, in A'. Moreover, 

A'l # 0 . 

Furtlier, if < r ^ n, 

being tlie determinant formed by putting a,., b^.,... for Ui, in 
A', is a determinant of order A'+l formed from the coefficients 
of tlie equations (12); as such its value is, V»y our hypothesis, 
zero. Hence the values (14) satisfy not only (12'), but also 

Hence the n equations (12) are satisfied if w'e put the values (14) 
for x, A and the value zero for all variables in (12) other 
than these. Moreover, the value of x in (14) is not zero. 

6 . The minors of a zero determinant 
Theoiiem12. //A-~0, 

A,Cl = A,C„ ... 

/£■ 

librart 

,iGhiri r.Tirn- implements ^ fowbh 

1 1 vPlAPMEMT CENTRE 
AILiiii/.l; i; ACiaciiLTUPAL INST.TTTTTr 
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J/ A 0 and if, further, no first minor of A is zero, the co- 
f actors of the r-th row {column) are pro^iorhonal to those of ike 
s-th row (column); that is, 

Ay __ Br „ -^r 

Z; ”■ 5, " AV 

C,^onsider tho n equations 

^ (f = 1, 2,.,,, ??.■). (1^) 

They are satisfied by x — A^, y = Bi,..., t K^, for, by 
Theorem 10, 

(Stj Ai = A " 0, 

~ 0 (?’ — 2, 

Now let s be any one of the numbers 2, 3,..., n, and consider 
tlie 7i~~ 1 equations 

— ~ayX {r s). 

Proceeding as in § 4.3, but with the determinant A^ in place of 
A, we obtain 

(6i Cg ... = ~{Oi Cg ... k,,)x, 

ih Ca - ~ —(^i % <^3 - K)^, 

and so on, there being no suffix 5, That is, we have 
A‘,y=B,x, A,z = C,,x, .... 

These equations hold whenever x, y,.,., t satisfy the equations 
(15), and therefore hold when 

X = Ai, y — B^, ..., t ~ 

Hence A^B^ — A^B^, ~ A^Cg, .... (16) 

The same method of proof holds when we take 
X ^ A,., y = i?^, ..., t = K„ 

with r 1, as a solution of (15). Hence our general theorem is 
proved. 

If no first minor is zero, we may divide the equation 
A.,, Bg •= Ag By by Ag Bg, etc., and so obtain 

Ay By IC 
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Working with columns instead of rows, we liave 


ij’j 


and so for other columns* 


Example*s III 

L By solving the equations 

-[-(Vt oi»- (r = 0, i , 2, 3), 

pro\’o tliat 

'ST; {oL~h){<x~c){a~d) ^ ^ ^ ^ 


(aV-ife-cta-Tr'"* “ 0> 1, 2, S). 


Obtain idi.'ntities in a, 6, e, d by considering the coefficients of powers 
of a. 

2. If A denotes tlie dotc'rniinant 

a h q 

h 6 / 

I)' / « 

and O, 1<\ G are the co-factors of g,f, c in A, prove that 

2/iBG 2gGO-j-2fFO-j-cO^ -= CA. 

Hint. Use aCr+/iF-f gC' — 0, etc, 

3. If the determinant A of Example. 2 i.s equal to zero, prove that 
BO = 6'ii ~ AF,,.., and hence that, when C t'- 0, 


a(a;rH-2/aT,y-l-6^®+2fP’4-2/y--|-c) === (na’-f F)\ 


Provo also that, if a,..., h arc real mimbens and C is negative, then 
*so also are A and IB [M — bc~f‘^, F = gh—af, etc.] 

4. Prove that the three lines whoso cartesian equations are 

arX-rb^y-l-Cr ~ 0 (r — 1, 2, 3) 
are coneuiTont or parallel if (ttihaCg) = 0. 

Hint* Make equations homogeneous and use Theorem 11.. 

5. Find the conditions that the four planes whose earicsian equal ions 

are <V^+dr = 0 (r == 1, 2, 3, 4) should have a liuite jioint in 


6. Provo that the equation of the circle cutting the three giviui circles 
xZ-\-y^.].2g,xA2fry+Cr =0 (r = 1, 2, 3) 

orthogonally is 

x^Ay^ —x —y T = 0* 

H dx A 1 

cz g% fi I ■ ' 

Cg ^3 /s .1 1 
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0 , 


By writing the iitsi equation as 

«i+?i»?+/i?/ frl lf I 

02 + gait’ 4-/25./ AFy I 

f?a"r‘^' /a'“r'// i 

prove ihni. llie vircle in question is tVie locus of the j)oint whose j.'oku's 
with respe(.‘t to t!ie tlu’ee given circles are coueuri'onl. 

7. Express in doierminantal form tire condition that four given 
circles may ha.\-e a common orthogonal circle. 

8. White down 




as a product of factors, and, by eonsidoi-ing tlie minors of rr, a;- in the 
d<'teri!iinant and the cooflicionts of x, x- in. the product of the factors, 
evaluate the determinants of Examjilc's ]0, li on p. 27, 

9. Extend the results of Example 8 to determinants of higher orders. 

7. Laplace’s expansion of a determinant 
7.1. The detemiinant 


c. 


h 


I' 


C, . 

call be exprevssed in tlie form 

(1^) 

where the sum is taken over the nl tvays of assigning to r, 6-,..., 9 
the values 1 , 2 ,..,, n in some order and N is the total number of 
inversions in the suffixes r, s,..., 0 . 

We now show that tlie exjiaiisions of by its ]“Ows and 
columns arc but s})ccial eases of a more generai jtroeedure. The 
terras in (18) that contain W'hcn anti g are Jimh tion- 
stituto a sum 

(1^) 

in which the sum is taken over the {n— 2)! wmys of assigning 
to 6 the values 1, 2 ,..., 71 ,, in some order, excluding/) and q. 
Also, ail ifitereliange of any two letters throughout (19) will 
reproduce the same set of terms, but with opposite signs pre- 
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fixed, since this is true of (18). Hence, by the detiiiition of a 
deterijiinant. either or — is equal to the cleter- 

ininant of order ?? ---2 obtained by deleting from the first and 
secoi^td columns and also the pth and g'th rows. Denote this 
determinant by its leading diagonal, say ... ^’g), where 
(, 0 arc I, 2,..., -n m that order but excluding p and q. 

Again, since (18) contains a set of terms and an 

interchange oi’ a and h leaves unaltered, it follows 

(from the definition of a determinant) that (18) also contains 
a set of tcj'ins ~-a^j^b.^^{A Thus (18) contaiiis a .set of terms 

But we have seen that {AB).^^ == ±^{c^d^..Jc.Q), and the deter- 
minant may be denoted by so that a typical 

set of terms in (18) is 

Moreover, uU the terms of (18) are accounted for if we take all 
possible pairs of numbers ‘p,q from L 2 ,..., 7 i. Hence 

where the sum is taken over all possible pairs 

In this form the fixing of the sign is a simple matter, for the 
leading diagonal term of the determinant (rq^^q) is pre- 
fixed hy ])lus, as is the loading diagonal term Cid^j...'l :0 of the 
determinant ... I'q). Heiute, on com})arLso.n with (18), 

A„ - 2 (20) 

wdicre 

(i) the sum is taken over all possible pairs p, q, 

(ii) t, li;..., 8 are 1, 2 ,..., 7 i in that order but excluding p and q, 

(iii) N is the total number of inversions of suffixes in 
p, q, f, e. 

Tlie sum (20) is called the expansion of A.^by its first two columns. 

7.2. Wdien once the argument of §7.1 has been grasped it is 
intuitive that the argument extends to expansions such as 

= 1 ( 21 ) 

= 2 h)> ( 22 ) 

and so on. We leave the elaboration to the reader. 
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The expansion (20) is called an expansion of second 

minors, (21) an expansion by tliird minors, (22) an expansion 
by fourth minors, and so on. 

Various modifications of §7.1 are often used. In §7.1 we 
expanded A„ by its first two columns; we may, in fact, expand 
it by any two (or more) columns or rows. For example, A„ is 
equal lo , _ . , 


as we see by interchanging a and c and also h and d. The 
Laplace expansion of tlie latter determinant by its first two 
columns may be considered as the Laplace expansion of by 
its third and fourth columns. 


7.3. Determination of sign in a Laplace expansion 
Tlie procedure of p. 29, § 1.4, enables us to calciilate with ease 
the sign appropriate to a given term of a Laxfiacc expansion. 
Consider tlie determinant A == [a,,,!, that is, the determinant 
having as the element in its fth row and .sdh. column, and 
its La]>laee expansion by the Sjth and columns (.9^ < , 9 .,). 
Tins expansion is of the form 


where (i) denotes the determinant obtained by 

deleting the fjth and rgth rows as also the ^ith and s.jth 
columns of A, and (ii) the summation is taken over all possible 
pairs /j, To (/‘i < rg). 

Now, by §1.4 (p. 29), tlie terms in the expansion of A that 
involve arc given by 

where A(fj;Sj) is tlie dcterminajit obtained by deleting the r^th 
row and.%th column of A. Moreover, since and Sj < ,9.,, 

the element apj)ears in the (rg—Cth row and ( 6 ’ 2 — l)th 
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column of hence the terms in the expansion of A{fi;.Si) 

that involve are given by 


fo]' A(ri, is obtained from A(ri;*’j) by cleloting the row 

and column c.ontaining 

Thus tlic expansion of A contains the term 


and therefore the Laplace expansion of A contains the term 


That is to say, ilie sign to be ■prefixed to a term in the Laplace 
expansion is {—1}", where a is the simi of the row and colmivn 
numbers of the elemextis ap 2 >earing in the first factor of the term. 

The rule, proved above for expansions by second minors, 
easily extends to Laplace expansions by third, fourth,..,, minors. 

7.4. As an exorcise to ensure Uiut the import of (20) has been grasped, 
the reader should cheek the following expansions of doteriniriants. 


Tiio signs are, by (20), those of the leading diagonal term products 

a fi) ^ c pi .... 

Alternatively, the signs arc, by (24), 

/ „ 1 n-t-s+i+a nn-3-i'H2 /_in-Ni-i+2 


The sign is most easily fixed by (24), which gives it to be ( — !)’■+' 
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^ Ai AgAf, 


Cl 

Ca 

C3 

C4 

0 


b, 

b. 

h 

6. 


when' A} -- (fl2i''3C.j), A, s {a^b^c^), A3 ('^.1 ^1^2)1 
fycior of r/^ m A,,. 
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The summation convention 
Tt is an estaJjlislied convention that a sum such as 


may be denoted by the single term 


The convention is that when a literal suffix is repeated in the 
si)igle term (as here r is repeated) then the single term shall 
represent the sum. of all the terms that correspond to different 
values of r. The convention is applicable only when, by the 
context, one knows tlio range of values of the suffix. In what 
follows w^e suppose that each suffix has the range of values 
1 ■■ 2' n ■ 

Further examples of the convention are 

n 

which denotes ^ci'rs^s> (3) 


a^j bjg, which denotes ^ h. 


, which denotes 


In the. last example both r and s are repeated and so wq must 
sum with regard to both of them. 

The repea ted suffix is often called a ‘dummy .suffix’, a curious, 
but almost universal, term for a suffix whose presence implies 
the summation. The nomenclature is appropriate because the 
meaning of the symbol as a whole does not depend on what 
letter is u.sed for the ‘dummy’'’; for example, both 

and a.yjXj 

stand for the same thing, namely, 
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- 'Any suffix that is riot repeated is called a ‘fhee suFFrx"'. On 
most occasions when we are using the summation convention, 
TO regard (Oj 

not as a single expression in which r has a fixed value, but as a 
typical one of the n expressions 


Thus, in (0), r is to be thought of as a suffix free to take ai\y one 
of the values 1, 2 ,..., n; and no further summation of all such 
ex])ressionB is implied. 

fn the next section we use the convention in consideiing 
lincai’ transformations of a set of ?? linear equations. 

2. ('onsidcr n variables (■*=], 2 ,..., n) and the n linear formsf 


When we substitute 


, the forms (7 ) become 

- ^rAs^s (r = (9) 

' Kow consider tiie n equations 

o„X, = 0, (10) 

where (11) 

If the determinant!: = 0, then (10) is satisfied by a set 

of values (i = 1,2,...,??,) wliich arc not all zero (Theorem 1 1). 
But, when the satisfy equations (10), we have the n 
] equations ^ ^ ^^ 2 ) 

and so 

EiTHFK all the are zero, 

OTi the determinant {a^^j is zero (Theorem 11). 

‘ t The reader who is unfamiliar with the .summation eonventiou is rocoin- 
mended to write tho next few lines in full and to pick out the coeflieient of 
A-g in n f n ' \ 
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In the former case the n equations 

are satisfied by a set of values whicli are not a-11 zero; tliat 
is, \b,s\ = 0. 

Hence if iq,gl — 0, at least one of the determinants 
'|&^g].is:zero.’ ■ 

The determinant i.e. is of degree n in the a’s 

and of degree n in the b’s, and so it is indicated that 

= IKJ x |6„1, (13) 

where k is independent of the a’s and 6 ’s. 

By considering the ]oartieuIar ease 0 when r s, 

== 1, it is indicated that 

l^rsl ” ^ (^^0 

The foregoing is an indication rather tlian a proof of the 
important theorem contained in (14). In i:he next section w^e 
give two proofs of this theorem. Of the two proofs, the second 
is perhaps the easier; it is certainly the more artificial. 

3. Proofs of the rule for multiplying determinants 

Theoeem 13. Let j, be two (hterminnnis of order n; 
then their product is the determinant where 


3,1 . First proof — a proof that uses the double suffix notation. 
In this proof, we shall use only the Greek letter a as a dummy 
suffix implying sunimatioii: a repeated Roman letter will not 
imply summation. Thus 

stands for • 

stands for the single term; e.g. if r == 2, it stands for 
Consider the determinant written in tlie form 
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and pick out the coefficient of 

in the expansion of this determinant. This we can ilo bj' con- 
sidering^ all other than to he zero, all other than 
to he zero, and so on. Doing this, we see that the terms of 
that contain (15) as a lactor are given 


(hr bn 

((\rbn 

. . jy. 6,.^^ j 


(hs bn 

2,s 

• • 1 


(('uAi 

((■nzhl 






bn 


^zl ^*2 


^rti, 


Kn 


Unless the numbers r, s,..., z are all different, the ‘6’ deter- 
minant is zero, having two rows identical. When r. s,..., arc 
the numbers 1, 2,..., n in some order, the 7 p’ determinant is 
equal to (— 1)*^ where N is the total number of inversions of 

the suffixes in r, a,..., z (p. 11, § 2.2, applied to rows). Hence 

• Kl\ == I (-^)Xr«'2.s- •••«■./, 

where the summation is taken over the 7il ways of assigning 
to r, 5 ,,.., s tlio values 1, 2,..., 'U in some order and A' is the 
total number of inversions of the suifixes r, s,..., z. But the 
factor multif)lying in (10) is merely the expanded form of 
|a,,|.sothat - = 

3.2. Second proof-~-a proof that uses a single suffix notation. 

Consider, in tlio first place, 


A 


Then 


h 

b. 


A' 


“1. 

a., 




AA' 


6, 


0 


0 

0 

ag 


0 . 
0 


(17) 


t Note that Cu- bn stantls for a sinjle term. 
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as \vc see by using Laplace’s method and expanding the deter- 
minant by its last two coiunms. 

In the determinant (17) take 

r; = 

using the notation of p, 17, §8,5. Then (17) becomes 

AA' = i 0 0 

0 0 a-2%-{-62a2 1^1"^ ^2 

-1 0 “ 

0 1 cto /?o 

and so, on expanding the last deterinhiant by its first two 


columns, 


AA' 


(18) 


^2 — 1 , ^3 ^2 

(Xo “P' ^2 ^2 ^2 "'b ^*^2 ^2 

The argument extends readily to ■ determinants of order ?l 
Let A -- («, 6g... A' ^ (ctjjSo... /c^). The determinant 

0 , . 0 1, 


0 


A 


0 


0 a'j 

— 1 a,. 


0 


in which the bottom left--iumd quirrter has —1 in each element 
of its priiieipal diagonal and 0 elsew'here, is unaltered if we 
write 

r[ == ri-f .,.+7jpr2,,, 

r' == ro+agf^.+i-f i'2n.+2+-+/*’2^2/,> 

Hen(;e 


AA ' “ 

0 . 





0 . 





—1 . 

. 0 


^1 


0 . 

. -1 


Kn 
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we expand the last determinant by its first n columns 
non-zero term is (for sign see p. 39, §7.3) 

• 10.0. (ZiCXi-{- /t I o£„ . 

) — -1 . 0 agCtiH-... 4-/^2 “ft • + 


i “i + • • • + “ft • • K_i + • • • + Xn i 

Moreover, "Hn is an even number and so the sign to be prefixed 
to the determinant is always the plus sign. Hence 

\a. , icil-Ui . A-il — I 


which is another way of stating Theorem 13. 

4. Other ways of multiplying determinants 

The rule contained in Theorem 13 is sometimes called the 
matrix'^ rule or the rule for multiplication of rows by columns. In 
forming the first row of the determinant on the right of (19) we 
multiply the elements of the first row of A by the elements 
of the successive columns of A'; in forming the second row 
of the determinant we multiply the elements of the second 
row of A by the elements of the successive columns of A'. The 
process is most easily fixed in the mind by considering (18). 

A determinant is unaltered in value if rows and coliinnis are 
interchanged, and so ^ve can at once deduce from (IS) that, if 


then (18) may also be written in the forms 

*^’2 “l d " ^2 ^2 “2 ^2 ^2 

AA' = I 

f Soo Chapter VI. 
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In (20) the elements of the rows of A are muitiplied by the 
dements of the rows of A'; in (21) the elements of the columns 
of A are multiplied by the elements of the columns of A'. The 
first, of these is referred to as multiplication by rows, the second 
as inulliplicalion by cnhimms. 

The extension to determinants of order n is immediate: 
several examples of the process occur later in the book. In the 
cxamj)les that follow multi])lication is by rows: this is a matter 
of taste, and many writers use multiplication by columns or by 
the matrix rule. There is, however, much economy of thought if 
one consistent!}- uses the same method whenever possible. 


Examples IV 

A rnnnljcr of interesting rcv-ulls can be obtaineil by a.ppljlng the rules 
for iniiltipbhng deton-ninauts to particular examples. Wo shall arnmge 
the exauijdes in groixps and we shall indicate tlu; method of solution 
for at least one; extiiu})lo in ('uch group. 

I. I 0 {a~-y)~ I = 2{{/S-y){y-~Q:){a;— /5)T. 


I {y-af (y-/S)3 0 j 

The deterniinant is the prodtict by row>s of the two deterniinants 


By Theorem 8, thf' first of these is equal to 2(^8 — y){y— Q:)(a— -/J) and the 
second to (jS— y){y--cx)(a; 

[Tn applying flieoroin 8 wc write down the product of the- differences 
and a<ljust the? numerical constant bj" considering the diagonal term of 
the determinant.] 

2. Tlie determinant of Example 3, j). 19, is the product by rows of the 
two determinants 


and .so is soro. 

3, Prove that the determinant of order n which has {a^—agY as the 
eiemtmfc in the rtli row and sth column is aero when n > 3. 

4. Evaluate the determinant of order n which has {ag—apY a.s the 
element in the rth row and stli column: (i) when « = 4, (ii) when 
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6. Extend the results of Examples Z aiul 4 to higlier powers of 
6. (Harder.) Prove that 

(a— a:)® (a—?/)® (a—z)^ 

(b-x)^ (h-y)^ {b~zf 


a:® 


{c-~f/)® . (c~g)® 

y'^ fl* 0 

~ — 9abcxyz{h -- c){c~-a){a — h){y—z){z ~ y). 

7. (Harder.) Prove that 

(ff— a:)® (a—y)" (a—z)'^ o® 

( 6 — a ?)® (6 ”- 2 /)’^ ( 6 — 2!)2 6 ® 

(c— a:)® : (c~2/F (o— s)® e® 

gjfc ^/c 0 

is zero when 7c ~ 1, 2 and evaluate it when k ~ 0 and when /c 3. 


8. J?rovc that, if 5^ = then 



•fil 

5-2 

^3 

[■= . 

I 1 

1 

1 

1 
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. Si , 


: a 


y 

8 


53 

54 

-Ss 


a® 

/3® 

y2 

8® 

fig 

54 

55 

58 


i a® 

jS® 


8® 


Hence {by Theorem 8} prove that the first determinant is equal to the 
jjroduct of the squares of the differences of a, jS, y, S; i.e. h)}". 

9. Provo that {x~a){x~~^){x--y)(x~'b) is a factor of 

A s j ^0 H ^3 I 

I fig fig fij fig I 

.-■■fio So Sa ■ fig.'.'. Sty I-.' , 


! 1 a; ce® a:® \ 

aii,d find the other factor. 

Sohition. The arrangement of the elements s^ in A indicates the pro- 
duct by row-s (vide Example 8) of 


I I 1 1 0 

a ^ y § 0 

cc® y® S® 0 

a® y® a® 0 

? ? ? ? ? 


Ag = j 1 1 1 1 ? 

(x ^ y a ? 

a® y® 8® ? 

I a® /3® y® 8® ? 

j a* y* 8^ ? 


If we have anything but O’s in the first four ijIucc.s of the last I'ow of 
A,, then we shall get unwanted terms in the last row of the protluct 
Aj Ag. So we try 0, 0, 0, 0, 1 as the. last row of A^ and then it is not 
hard to see that, in order to give A^ Ag .== A, the last column of Ag must 
bo 1, X, x^, ;c®, x^. 

The factors of A follow from Theorem 8. 
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10. Prove tliat, when 
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1 1 

1 X 1 

1 1 

1 


a ^ 

r i 

Of, . ^ 

y i 


ad 

',y3,' ■ ! 

a® 

y“ ' 



Sr. f 


Koto how Ihe secjuenco of indices in tho eoluimis of tiie first dotor- 
minnnt aifecls the sequence of suffixes in the euluinns of the last 
determinant. 

11. Find the factors of 


Sy 


S 2 » 

So 

.S’g 

1 


Ss 



«2 


■ ! 



,S'5 

% 

1 S 4 


5g i 



So 


«1 *2 03 

*4 *^5 

1 X X“ 


S, 


where s,^ = a‘"+/S''+yh 

12.' Extend tlie results of Examples 8-11 : to deterrainant-s of higher 
orders. ^ 


13, M^^ltipl,^" the determinants of tlie fourth order whost.^ rows are 
given by 

T "*^'r ^2/r 1 aJj. 2/). X^-\-yr 

and r ~= 1, 2, S, 4. Henco prove that the determinant ]c/„[, where 
{r„ -■ 2 :cro whenever the four points arc 

coneyclic. 

14, Find a .relation between tho mutual distances of five points on 
a sphere. 

15. By considering the product of two determinants of tho form 

eT’Wi' ]j 
-(c—id) a—ib 1 

prove that the product of a sum of four squares by a sinn of four squares 
is itself a sum of four sc^uares. 

16. Exprc'ss c^--3a6c as a circulant (p. 23, §5.2) of oi’der 

three and hence prove that {a^4-6^+c®— 3a6r)(-4® + FM-Cl® — 3-4.Zi’C) 
may bo written in the form — ^^YZ. 

Prove, further, that if A — ar~ho, B = b‘‘^~ca> G == c^—ab, then 


17. If .A' ---■ Y hx-] by; {Xi,yi)> (iCg,?/*) sots of values 

of etc.; prove that/b^g 

and that 




= 

a 

h 

X 


Vx 




h 

b 



Vi 




■?- 



UiK^iR 


«ra¥ 
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18 a. {lifirder.) Using the sumniation convention, let ^ ===- 
where rc^, or® are n independent variables (and not powei's of rr), 

be a given cjuadratie form in n variables. J..et ■= -'-ftX,.,;,, 

where (.^-1, .hi,..., x’l), X = J,..., n, denotes n .sets of value.s of the variables 
ad, a-®,..., adh Prove that 

18b, {Easier.) Extend the result of Example 17 to three variables 
(.r, y, z) and the coordinates of three points in .space, (.rj, xjx, s^), (irv, z^), 
(•^■ 3 * i/3» H)‘ 


5. Multiplication of arrays 
6.1. First take two arrays 


ill whicli the number of columns exceeds the number of rows, 
and inuliiply them by rows in the manner of multiplying 
■ deter]iiinant.s. The result is the determinant 

• - *^'2 ®2 ’' l ~^^ 2 ^ 2 ~' b ^'2 ^2 ! 

If we expand A and pick out the term.s involving, say, 

Similarly, the terms 

in —(b^c^—b^Ci). Hence A contains a term 

{hiC2)'x i^xy^), 

where {bxC^ denotes the determinant formed by the last two 
columns of the first array in (A) and {^xyz) Hie corre.sponding 
determinant formed from the second array. 

It follows tliat A, when expanded, contains terms 

(^l*^2){^iy8)'4‘(’fl%){>'l«2)H"(^1^2){%^2)> (^) 

moreover (2) accounts for all terms that can possibly arise froin 
; the expan.sion of A, Hence A is equal to the sunvof terms in 
(2); that is-, the sum of all the products of correspondiug deter- 
minants of order tuv that can be formed from the arrays in (A). 

Now consider 6,.„, k,..., t, supposing h to be the ? 2 th letter 
and ^ the Nth, where <t N; consider also a corresponding 
' notation in Greek letters. - ’ ’ ■ ■ 
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The determinant, of order n, that is obtained on multiplying 
by rows the two arrays 


.. 1 . . . . . ■ . (3) 

i ^1 “ f " • • * “ f ” '^1 • • 

This determinant, when expanded, contains a term (put all 
letters after k, the wth letter, equal to zero) 

I aiai4-,..+Aq/<ri . . la 








which is the product of the two determinants (rq b .^ ... k\) and 
(cxi ... K,,). Moreover (4) includes every term in the exjjansion 
of A containing the letters a, 6 ,..., k and no other roman letter. 
Thus the full expansion of A consists of a sum of such products, 
the number of such products being the number of v'ays of 
choosing ??- distinct letters from N given letters. We have there- 
fore proved the following theorem. 

Theorjsm 14. The determinant A, of order n, V'hich is obtained 
on muUi 2 >lying by rows two arrays that have N columns and n 
rows, where n < N, is the sum of all the products of corres'pondmg 
deternmiants of order n that can be formed from the two arrays, 

5.2. Theorem 15. The determinant of order n ivhich is 
obtained 07i mvltij>lymg by rows two arrays that have N columns 
and n rows, where n > iV, is equal to zero. 

The determinant so formed is, in fact, the product by rows 
of tire two zero determinants of order n that one obtains on 
adding {n—N) columns of ciphers to each array. Por example, 

« 0 “ a . + ^ 3^1 %«2 + ^ 3^2 










r 
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is obtained on multiplying by rows the two arrays 


®2 ^2 




^3 “3 ^3 

and is also obtained on multiplying by rows the two zero 
determinants 


<h 

h 

0 

5 . 


0 

(^2 

h 

0 


^2 ^2 

0 

fh 

h 

o| 

. j 


0 


Examples V 


1. TAe arrays 


1 

0 

0 

0 

0 0 

0 

1 

ri -!-?/“ 



1 

1 Uq 

di 

a’r + 2/i 

‘•Sb.'/S 

-2.r, 


i 

1 aq 

di 

a^I+'y! 


liuvp 5 rows ami 4 coluinns. By' 'iriieorem 1.5, tlie ckAorminanf. obtained 
ou iimitiplyitig theiii by rows vanishos iclontieally'. Show that, this result 
give.s a relation connecting the mutual distances of any four points ixi 
a plane. 

2. Obtain the coi'responding relation for five points in space. 


3* If a, jS, y,... are the roots of an equation of dogWie and if oy 
denot.es the sum of the rth powcr.s of the roots, prove tliat 


.Sy Si 

>‘>'2 

A'l &'2 
*2 '^3 


2 (/?— y)-(y~a.)“(a; -~^)“. 


j *2 *3 *4 

Hint. Compare Example 8, p. 48, and Tiieorem 14. 

4. Obtain identities by evaluating (in two ways) the determinant 
obtained on squaring (by rows) the aj-ray's 

(i) a b c (ii) abed 
a' h' c' a‘ h' c' d' 

5. In the notation u.sualiy' adopted for conics, let 

JS £3 

X £= ux-i-hyi-ijz, Y ^ hx + bij-^fz, Z ffx+fy+cz, 

Aj-j Zg', 
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If't A, B,.,., II be the co-factors of a, 6 ,..., h in the discriminant of tS> 
Let i i/i:;.,- -.Va-], t] == SiX^—z^x^, ^ = Xiy^—x^y^. Then 

Solution, The determinant is 

XiXi-r...A Zi^i sSiXa-f ...-j-Si JSg j, . 

■^1 (r2-^2'T'-''T22-^2 1 

which is the product of arrays 

•O m <n Fi F, 

-Ta 2/2 22 Zg Fo Z„ 

and so is 

But (Fj Fg), when written in full, is 

I + gxx+JyiA-cz^ j, 

{hx^+hy^+Sz^ gx-i-VSy^^cz^] 

which is the product of arrays 

a'l 2/i n & f 

«'2 y« ^2 9 f 

and so is A + 

Hence the initial detei'minant is the sum of three terms of the tj^^e 

6 . The multiplication of determinants of different orders 

It is sometimes iiseful to be able to write down the product 
of a determinant of order n by a determinant of order m. Tlie 
met hod f of doing so is sufficiently exemplified by considering 


the ])rodiict of (</j bn C;5) by ( 


a, Cj x: 

h 


62 ^2 ' 1 

eVo 


< 7-3 63 Cg 



«! ai+biPi Uj ag+^iiSg ( 

< 7.2 « i 4-&2 ®2 ‘^ 2 + ^-> 2 i®2 1 

Gg q:i”{- 63 a.j^ (x^~\- I 

We see tliat the result is true by considering the first and last 
determinants when expanded by their last columns. The first 
member of the above equation is 

t I learrifc this method from ProfosKor A. L. Dixon. 
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wliile the second is, by the rule for multiplying two determinants 
of the same order, 

the signs having the same arrangement in both summations. 

A further example is 


6^2 ^2 "h ^ 2 /^2 ^2 ^‘2 

t^4 

a result which becomes evident on considering the Laplace 
expansion of the last determinant by its thhd and fourth 
oolumns. 

The reader may prefer the following method: 


This is, perhai)s, easier if a little less elegant, 




CHAP TEE, IV 

JACOBI'S THEOREM AND ITS EXTENSIONS 
1 * Jacobi’s theorem 

Theorem 10. Let denote the co-factors of a-y, by,... in 

a determinant k „„ , , . . 


If we miiltix)ly by rows the two determinants 


we obtain 


for equal to zero when r ^ & and is 

equal to A when r = s. 

Hence AA' = A^S 

so thatj when A # 0, A' ~ 

But when A is zero, A' is also zero. Eor, by Theorem 12, if 
A = 0, then AyB^—AgBy — 0, so that the LajJace e^vpansion 
of A' by its first two columns is a sum of zeros. 

Hence when A = 0, A" = 0 == A”“^. 

Defikitiok. A' is cedkd the adjugate deLerminani of d,. 

Theorem 17. With the ?)otatio'n of Theorem 16, the co-factor of 
in A' is equal to and so for other letters and suffixes. 

When we multiply by rows the two determinants 


66 


JACOBI’S THEOBEM AND ITS EXTENSIONS 


we obtain 


0 A 


0 


, A; 

wlierein all terms to the left of and below the lending diagonal 
are zero. Thus 


A 


B. 


% A 


> 1-1 


. . /vl 

When A Oj this gives the result stated in the theorem. When 
A = 0, the result follows by the argument used when wo oon- 
sidered A' in Theorem 16; each ByCi,~B^Cy is zero. 

Moreover, if we wish to consider the minor of in A', where 
J is the .sth letter of the alphabet, we multiply by rows 


A, . 


. Aj 


. . ji . 

. Jv 

■^r-l • 

• ^r-1 ’ 

. A ,._j 


^'r • * A * 

h 

0 . 

. 1 . 

. 0 



. 

-^r+l * 

• * 

. /Wx 


• ' On ‘ 

K 


to obtain 


K„ 


3n 


( 1 ) 


0 . . 0 . . A 

where the occur in the rth row and the only other non-zero 
terms are A ’s in the leading diagonaL The value of (1) is 

. ■ ■ ■ 

ijT' ■ . * 

2. General form of Jacobi’s theorem 
2.1. Complementary minors. In a dctcrmiriant A, of 
order ??-, the elements of any given r rows and r columns, where 
r <n, form a minor of the determinant. When tliese same rows 
and columns are excluded from A, the elements iJiat are left form 
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a determinanit of order n—r, which, when the appropriate sign 
is prefixed, is called the complementary minor of the original 
mi)K,>r. The sign to be prefixed is determined by tlie rule that 
a- Lajjlace expansion shall always be of the form 

^ “i~ /if y?! 

where is the minor complementary to Thus, in 


the complementary minor of 


since the Laplace expansion of (1) by its first and third columns 
involves the term +(«i ^^ 4 )- 

Theorem 18. With tJie notation of Theorem. 16, let 31?,. be a 
m inor of A' having r roivs and columns and let be the com^ple- 
meniary minor of the ccrrresiionding minor of A. Then 

(3) 

In particular, if A is the determinant (1) above, then, in the 
usual notation for co-factors, 

\A^ Cl 1 = 1 6g |A. 


Let us first dispose of the easy particular cases of the theorem. 
If r ™ 1, (3) is merely the definition of a first minor; for example, 
Aj in (1) above is, by definition, the determinant 
If r > 1 and A 0, then also 91?,. 0, as we see by Tlieorera 12. 

Accordingly, (3) is true whenever r =~ 1 and wlicnever A ™ 0. 

It remains to prove- that (3) is true when r > 1 and A 0, 
So let r > 1, A 0; further, let py be the minor of A whose 
elements correspond in row and column to those elements of 
A' that compose 91?,,. Then, by the definition of complementary 
minor, due regard being paid to the sign, one Laplace expansion 


. 

r.r“r»; 


6« 
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Hence A may be written 


It is thus sufficient to prove the theorem when iOi is formed from 
tlie first f rows and first r columns of A'; this we now do. 

Let A,..., E be the first r letters, and let F,..., K be the next 
■n—r letters of the alphabet. When wo form the product 

\A, . . E, F . . A-|xr«t ■ . e, A . . A I, 


I 0 . . 0 0,. . . 1 I I %, . . e,, A,, . . ! 

wliere the last ?i—r elements of the leading diagonal of the first 
determinant are 1 ’s and all other elements of the last ?? — r rows 
are O’s, we obtain 


That is to say, 

and so (3) is true whenever r > 1 and A 0, 


A , 

. 0 

0 . 

. 0 

0 

. A 

0 

. 0 

A 

• A 

A+1 

. /n 


. h. 

A+i 



f^r 

other 


elements 

other 


elements 

Yn~r 



CHAPTER V 


SYMMETRICAL AND SKEW-SYMMETRICAL 
DETERMINANTS 

1. Tlie deterrain.ant is said to be symmetrical if a,,^ = 
for every r and s. 

The determinant ja,.,! is said to be skew-syminctrical if 
^rn ” ~~^hr oveiy T and s. It is an ini mediate consequence 
of the definition, that the elements in the leading diagonal of 
such a determinant must ail be zero, for a,.^ — —o-rr' 

2. Theorem 19. A skeiv-symmetrical lUtermhiant of odd order 
has the value zero. 

The value of a determinant is unaltered, when rows and 
columns are interchanged. In a skew -symmetrical deter- 
minant such an interchange is equivalent to multiplying each 
row of the original determinant by ~1, that is, to multiply- 
ing the whole determinant by (—1)”. Hence the value of 
a skew-symmetrical determinant of order n is unaltered when 
it is iimltiplied by (—I)"; and if n is odd, tins value must 
be zero. 

3. Before considering determinants of even order we shall 
examine the first minors of a skew-symmetrical determinant of 
odd order. 

Let denote tiic co-factor of the element in the ?’t]i 
row and Mh column i,)f a skew-symmetrical deter- 
minant of odd order; then is that is, 

Mg,. = Eor and Mg,, differ only in considering column 
for row and row for column in A, and, as w^e have seen 
in § 2, a column of A is (—I) times the corresponding row; 
moreover, in forming M,.g we take the elements of n—l 
rows of A. 

4. We require yet another preliminary result: this time one 
that is often useful in other connexions. 
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where co-factor of m ja^st- 

The one term of the expansion that involves no X and no 
y'ls \a^s\^. The term involving X^Y^ is obtained by putting 
S, all X other than X„ and all 7 other than to be zero. Domg 
this, wc see that the coefficient of is db-^rs> But, consider- 
ing the Laplace expansion of (1) by its rth and {?i-fl)th rows, 
we see that the coefficients of X,. 7, and of are of opposite 
sign. Hence the coefficient of is Moreover, when 

A is expanded as in Theorem 1 (i) every term must involve 
either S or a product Hence (2) accounts for all the 

terms in the expansion of A. 

5, Theorem 21. A skew-aymmetrical determinant of order 2n is 
the square of a polynomial function of its elements. 

In Theorem 20, let be a skew-symmetrical determinant 
of order 2'«— 1 ; as such, its value is zero (Theorem 19). Further, 
let Yy “ ~~Xy, S = 0, so that the determinant (1) of Theorem 20 
is now^ a skew-symmetrical determinant of order 2n. Its value is 

n n 

% ^Aji^XfXg. (3) 

• r-l s~l 

Since = 0, A^s^si- ~ -4,.,. rigg (Theorem 12), or A% -- 
and AffAi^ ==? ri,,g/riig, or A^^ ^ Hence (3) is 

(Xj Vri22±---±-^n {‘^) 

where the sign preceding is (—1)^, chosen so that 

■4lr ~ ( 

Now rill,..., -^nn are ■ themselves skew-symmetrical deter- 
minants of order 2n~-2, and if wo suppose that each is the 
square of a polynomial 'function of its elements, of degree n— -1, 
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iJicn (4) will be the square of a polynomial fiinclion of degree 
Hence our theorem is true for a determinant of order %n if it is 
true for one of order 2w— 2. 

But , 10 

■ ■ 0 Ui-f 


and is a perfect square. Hence our theorem is true when n = i. 

It follows by induction that the tlieorem is true for all 
integer values of 


6. The Pfaffian 

A polynomial whose square is equal to a skew-synimetrical 
determinant of even order is called a Pfaffian. Its properties 
and relations to determinants have been widely studied. 

Here we give merely sufficient references for the reader to 
study the subject if ho so desires. The study of Pfaffians, 
interesting though it may be, is too special in its appeal to 
warrant its inclusion in this book. 

G. Bai.mon', Lessons Introductory to the Modern Higher Algebra (Dublin, 
1885), Lesson V. 

S. Barnard and J. M. Ciiiud, Higher Algebra (London, 1936), chapter ix, 

§22. 

Sir T. Mttir, Contributions to the History of Determinants, vols. i--iv 
(London, 1890-1930). Tliis history covers every topic of deter- 
minant theory; it i.s delightfully writtem and can be recornraonded 
iis a reference to anyone wlio is seriou.sly interested. It is too 
detailed and exacting for the beginner. 
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= — p4 11 ... H- (d,.g“l- Asr)Xr ATgd- - . 

whex’c is tho co-factor of in |a„l* 

If a,.j, — Ogr l^rs! ~ prove that the above quadratic form may 
be written as -y , , ^ V tz'A 


Oil 

Ol 2 

• • ^in 

X, 

*^21 

^*22 

. . a2n 

X 2 


« n 2 

' • , - ^'nn 




. Xn 

0 
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a^y., and A- < n, pi’ove 


is hidopf-inlent of a’j, ajg,.'*. 

I-fiNT. Use Example 1, consider and use Tlioovein iO. 

3 . Ai A2 -= (agfeiCi), A3 = {(lihiCi), A., = 

Af is the co-factor of in Aj.. Prove that -- — Af, that = .4^, 
and that 


Hint. Of— j3f 6'.^ = — CAi Ag (by Theorem 17); nso Theorem 10. 

4. A Ls a determinant of order n, a typical clement of A, the 
co-factor of m A, and A 0. Prove tliat 

-du+A/o;. . 4,12 . V ‘ • -di,,, ~0 

: -d-21 An^-jrA/X . . •dg.jj 


whenever 


i). Prove that 

1 sin a cos a .sin 2 a cos2.:y ' — 250 fj sin.](a— 

1 shijS cosjS sin2j8 cos 2^ i 

1 siny cosy sin2y co,s2y r 

1 sinS cosS sin2S eo,s2S j 

1 .sine cose .sin2c cos2c j 

with a proper arrangement of the sign.s of the differences. 

6. Prove that if A = ja^j and the .summation ooiu'ention be u.sed 
(Greek lettens only being u.sed as dummio.s), then the results of Theorem 
10 may bo expressed as 

== 0 = wdion r -r- s, 

■= A = when r — s. 


aii+.T 

«I2 • ■ 

■ • «]« 


aga+rr . , 

■ • «2/i 


a.^,2 
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Prove also that if n variables x are related to n variable, 
transfomiatioii ,, 


then 

7. Prove Theorem 9 by forming the product of the given circulant 
by the doterniiiiant (coj, co|J), whore Wn are distinct nth roots 
:of unity. 

8. Prove that, if /.(n) -- g^{a) — ?ir{a) w'liea r ~ 1, 2, 3, then the 
determinant 

!/i(.r) gi(;f) h,{x) \, 

\Mx) (h(x) f)^{x) 

whoso elements are polynomials in o\ contains (.r — u)" as a factor. 

Hint. Con.sider a dcdc'nninant with c{ -- Ci~-c.,, cl — Cg— -t’a and use 
the remainder theorem. 

9. If the elements of a determinant are polynomials in .r, and if r 
columns (row’s) become equal when x — a, then the determinant has 
(a — a)'’“^ a.s a factor. 

10. Verify Theorem 9 when n — i), ct^ — -- Ug — 1, a,, ~ a, and 

~ a" bj’ independent proofs that both determinant and prodtret are 

equal to . „ . __ , ^ ^ . 



DEFINITIONS AND ELEMENTARY PROPERTIES 
1. Linear substitutions 

Y'C can think of w num])er.s, ]'ea,l or coinpleXj cither as separate 
entities -rg,.,., or as a single entity a* that can he broken 
iq) into its a separate pieces (or cojnponents) if we wish to do 
so. For example, in ordinary three-dimensional space, given 
a set of axes througii O and a point P determined by its 
coordinates with respect to those axes, we can think of the 
vector OP (or of the point P) and dcvicte it by x, or wo can 
give prominence to tlie comx>onents ay, ay, a ’3 of the vector along 
the axes and write x as (ayjay.ivtrd. 

When we are thinking of x as ' i single entity we shall refer to 
it as a ‘nu7nber\ This is merely' a slight extension of a cominon 
practice in dealing with a complex number z, which is, in fact, 
a pair of real numbers x, 

Now suppose tha-t two ^■numbers'’ x, with components 
and A", with components Xi, Ao,..., are connected by 
a set of n equat'’'''ns 

Xf = ag-f- ••• '■Lj ^■)j (i) 

wherein the a,.,,, are given constants. 

[For example, consider a change of axes in coordinate geo- 
metry where the ay and A^ arc the components of the same 
vector referred to different sets of axes.] 

Introduce tlie notation A for tJie set of numbers, real or 
complex, 


ni 


'12 






'and understand by the notation x\x a 'numbeP whose components 
are given by the ex]3ressioiis on the right-hand side of equations 
( 1 ). Then the equations ( 1 ) can be written symbolically as 

A = Ax. (2) 


t Cf. G. H. Hardy, Pure Mathematics, chap. iii. 
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The reader wiJl lind that, with but little practice, the sym- 
bolical equation (2) will be all that it is necessary to write when 
equations such as (1) are under consideration. 

2. Linear substitutions as a guide to matrix addition 
It is a familiar fact of vector geometry that the sum of a 
vector X, with components ^ vector Y, witJi 

components Y^, Y^, is a vector Y, or X-f-F, with components 
Xi-f i;, X. + i;, Xg+Jg. 

Consider now a ^numbeY x and a related ‘mwiber X given by 


where A has the t?ame meahiiig-^^in § 1. Take, further, a seco. 
"number^ F giv^h by ' I 

* ^ s 

where B symbolizes the set of numbers 


and (3) is the symbolic form of the n equations 

Y, = 2 ,,.., n). 

We naturally, by comparison with vectors in a plane or in 
space, denote by X-f F the ^number' with components 
But 

'9 

and so w’e can write 'i, 

X+F== (yl-f ' 

provided that w'O interpret A-\-B to be the set of numbers 
%1’T^ii %2"b^ia 


We are thus led to the idea of defining the sum of tw^o symbols 
such as A and B, This idea we consider with more precision 
in the next section. 
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3. 'Matrices 

3 J . The sets symbolized by A and B in the previous section 
have as many rows as columns. In the definition that follow's 
we do not iinpose this restriction, but admit sets wherein the 
number of rows may difier from the number of columns. 

Definition 1. An array of mn numbers, real or co'nvplcx, the 
array having m rows and n columns , 


■ ■ ■ 


®a2 

* • ^In 

J 

■ ■ j 

i 

^21 

®22 



1 


• • ^mn - 


is called a matrix. 

When m - 

= n the array is called a square 


MATRIX, of ordern. 

In writing, a matrix is frequently denoted by a single letter 
A, or a, or by any other symbol one cares to choose. For 
example, a common notation for the matrix of the definition 
is [a^g]. The square bracket is merely a conventional symbol 
(to mark the fact that we are not considering a determinant) 
and is conveniently read as ‘the matrix’. 

As we have seen, tlie idea of matrices comes from linear 
substitutions, such as those considered in § 2. But there is one 
important difference between the A of §2 and the A that 
denotes a matrix. In substitutions, A is tliought of as operating 
on some 'number^ x. The definition of a matrix deliberately 
omits this notion of A in relation to something else, and so 
leaves matrix notation open to a wider interpretation. 

3.2. Wo now introduce a number of definitions that will 
make precise the meaning to be attached to such symbols as 
A-\-B, A—B, 2A, when A and B denote matrices. 

Definition 2, Two matrices A, B are confoemable foe. 
ADDITION when each has the same number of rows and each has 
the same number of columns. 

Definition 3. addioton. The sum of a matrix A, with an 
element a^^ in its r-th row and s-th column, and a matrix B, with 
an element bj.^ in its r-th row and s4h column, is defined only when 
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A. B are conjormable for addiiio'n anil is 
harlny aj.^-\--Kg as the element in its r-ih 
The sum Is denoted by 

Tb e 11 1 a tri ces « i 0 


are- distinct; tiie first cannot be added to a square matrix of 
order 2, but tlie second can; e.g. 

F"! 01 + [6i ‘-il = Cil- 


De.ftxitton' 4. The. matrix —A is that matrix whose elements 
are those of A mulii’plied by —i. 

1 )[':pinjtjon' o. stjBTEACTiON, A—B is defined as x4d-( --.j5). 
It is called the difference of the, two matrices. 

For exaiiipie, the matrix —A where A is the o,ne-ro\ved 
matrix [iq. 6] is, hy definition, the matrix [—a, —b]. Again, by 
Definition 5, 


and tiiis, by Definition 3, is equal to 


Depjxitton C). A matrix having every element zero is called 
a NULL MATKix, wrid is writtm 0. 

Defixitiox 7. The 'matrices A and B are said to he equal, a.nd 
we write A " i>, nlicn the two matrices are conformable for addi- 
tion and each elemeiil of A is equal to Ike corrcs'ponding element 
of B. 

It follows from Definitions 6 and 7 that 'A — B' and 
‘A— A = 0’ mean the same thing, namely, each is equal to 
the corresponding 

DeFIXITIOX 8. MULTIPLICATION BY A NIJMBEE, When T is 
a number, real or ccmiplex, and A is a matrix, rA is defined to 
be the matrix each element of which is r times the corresponding 
element of A. 
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For example, if 




di 


then 3A 


m 


3(>i 
Bc-i 3dj 


In virtue of Definitions 3, 5, and 8, we are Justified in writing 
2A instead of A^-A, 

3^1 instead of 5J.— 2.4, 

and so on. By an. easy extcns,ion, which we sliall leave to the 
.reader, we can consider the sum of several matrices and write, 
for example, instead of 4+4-j~4 + (l-r^M- 

3.3. Diirther, since the addition and subtraction of matrices 
is based directly on the addition and subtraction of their 
elements, which are real or complex numbers, the laws that 
govern addition in ordinary algebra also govern the addition 
of matrices. The laws that govern addition and subtraction in 
algebra are : (i) the associative law, of which an example is 
(a-rl^)-rc ~ c6-j-’(b~j~c}, 
either sum being denoted by a+&+c; 

(ii) the commutative law, of which an example is 

a-j-6 = 6+*^'; 

(iii) the distributive law, of which examples are 

r(a-j-b) ~ ra-l-rb, —{a~h) ~ 

The matrix equation [A~rB)-\-G is an imme- 
diate consequence of =- a-f(6-!-c), where the small 

letters denote tlie elements standing in, say, the fth row and 
sth column of the matrices 4, B, C ; and either sum is denoted 
by A-\-B-\-C. Similarly, the matrix equation A-rB ~ B-rA 
is an immediate consequence of a-{-b ~~= b4-a. Thus the asso- 
ciative and commutative laws are satisfied for addition and 
subtraction, and w'e may correctly write 

4-f 5-f-(0-fD) = A+B+G+B 

= (J5-}-D)-j-(4-|-D); 

and so on. 

On the otlier hand, although we may write 
r{4.-}-.B) = rA-\-fB 
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when r is a number, real or complex, on the ground that 
r(a~j~b) — ra-j-rd 

when r, a, b arc numbers, real or complex, we have not yet 
assigned meanings to symbols such as -j-JS'), BA, BB when 
B, A, B are all matrices. This we shall do in the sections that 
follow. 

4. Linear substitutions as a guide to matrix multiplica- 
tion 

Consider tlie equations 

Xi =■• 2/i ~ \ 

•'<^2 = ®2l?yi+^>'23?/25 y^ '■= + I 

where the a and b are given constants. They enable us to 
express in terms of the a, b, and Sj, ggi in fact, 

^ 22)^35 I (2) 

, x^~ {^2ib]!j-h®^22^2l)%'T’(%i ^12 ■i~%3 ^ 22 )^ 2 * I 

If we introduce the notation of § 1, we may write the equa~ 
tions(l)as 

We can go direct from a; to 2 ! and write 

X ~ ABz, (2 a) 

provided we interpret in such a way that {2 a) is the sym- 
bolic form of equations (2); that is, we must interpret AB to 
be the matrix 

%1^12+®ia^22l /g\ 

.®21 ^n4"<*22 ^21 ®21 ^12~f‘®22 ^221 
This gives us a direct lead to the |OTmal definition of the 
product AB ot two matrices A and B. iBut before we give this 
formal definition it will be convenient to define the 'scalar pro- 
duct’ of two ^numbers*. 

5. The scalar product or inner product of two numbers 

DEFmiTioisr 9. Let x, y be two ‘numbers’, in the se 7 ise of § 1, 
havmg components x-^, and y^^. Then 

% yji4-3^2 2/2+ • y,! 
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is called the product or (he scalar product of the two 

numbers. If the two numbers have n corapoiients respectively 
and 'in # n, the inner 2 yroduct is not defined. 

Ill using this dcliiiitiou for descriptive pui'poses, we shall 
permit ourselves a certain degree of freedom in what we call 
a 'mimbe.r. Thus, in dealing with two matrices ju,.,.] and 
ive shall speak of 




( 1 ) 


as the inner product of the first row of [Vp.^.] by the second 
column of That is to say, we think of the first row of 

[a„.] as a 'number'’ having components Uxo,..., and of 
the second coiunm of [6,.J as a 'number' having components 


6, Matrix multiplication 

6.1. Definition 10. Tivo 'matrices A, B arc conformable 
FOR THE PRODUCT AB ulieti the number of columns in A is 
equal to the number of roivs in B. 

Definition 11. product. The ‘product AB is defined only 
ivlien the mairices B are conformabh for this product: it is 
then defined as the matrix whose element in the i-th row and h~th 
column is the inner product of the i-th row of A by the k-ih column 
ofB. 

It is an immediate consecpiencef of the definition tliat JUS 
has as many rows as A and as many columns as B. 

The best way of seeiug the net)essity of having- the matrices 
conformal is to try the process of- multiplication on two non- 
Gonformable matrices. Thus, if 


11 

r%i 


\ cf 


C*1 

- j 


Jh ^ 2 . 


AB cannot be defined. Ifor a row of A consists of one letter 
and a column of B consists i)f two letters, so that we cannot 


t The reader ifs recommended to ^vd^k out a few x^rodiiets for liimsolf. Ons 
or two examples follow in §§ 6.1, 6.3. ' - 

VO.-3 *,u . ■ ■■■ ^ 


d-a 
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form the inner products required by the definition. On the 
other hand, T r„ 1 


62 "h ^2 <^2 

a matrix having 2 rows and 1 column. 

6.2. Theorem 22. The matrix AB is^ in general, distinct fram 
the matrix BA. 

As we have just seen, we can form both AB and BA only 
if the number of columns of A is equal to the number of rows 
of B and the number of columns of B is equal to the number of 
rows of A. When these products are formed the elements in 
the ith row’' and 7cth colunfn are, respectively, 

in AJS, the inner product of the ith row of A by the Zo’th 
column of B ; 

in BA, the inner product of the ^th row of B by the ifcth 
column of A . 

Consequently, the matrix AB is not, in general, the same 
matrix as 5. A. 

6.3. Pre- multiplication and post -multiplication. Since 
AB and BA. are usually distinct, there can be no precision in 
the phrase ‘multiifiy A hy B’ until it is clear- whether it shall 
mean A 5 or BA. Accordingly, we introduce the termsf post- 
multiplication and pre-multiplication (and thereafter avoid the 
use of such lengthy w’ords as much as w’-e can!). Tlie matrix A 
post-multiplied by B is the matrix AB; the matrix A xire- 
multiplied by B is the matrix BA. 

Some simple examples of multiplication are 

'a hlxi'a yl ~ taa-i-b^ 

c d_ _j8 8_ [ca-|-dj8 cy-f-d8 

~a h j/l X ra;1 ~ Tax-\-hyA-gz 
h b f y hxA-byA-fz 

.g f Cj Izj Lgxi- fy-l-cz. 


'a 

¥ 

X 

'a 

y 

c 

d_ 

'■ 

3 

8. 

~a 

k 

g' 

X 

'x' 

h 

b 

f 


y 

.g 

f 

0. 


.z. 


1 1 

• 1 

•aj- 

« 1 

«2. 


t Sometimes oiie usee the terms fore and afi instead of pre and post. 
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6.4. The distributive law for multiplication. One of the 
laws that govern the product of complex numbers is the dis- 
tributive law, of which, an illustration is a{h-\-c) ~ ab-^ac. This 
law a.lso governs the algebra of matrices. 

For convenience of setting out the work we shall consider 
only square matrices of a given order w, and we shall use ..-I, B,... 
to denote [fg-;,], . 

We recall that the notation sets down the element that 
is in the ?'th row and tlie /.;th column of the matrix so denoted. 
Accordingly, by Definition 31, 

In this notation we may write 

A(5+C0 - [a,,]x([6,,]+fe^ 

X (Definition 3) 

== [^l^«iA(^^A/.:+CAA:)] (Definition 11) 

■■= [ J «iA hi] + [ J « A Ca&] (Definition 3) 

= AB-\~AC (Definition 11). 

Simiiaily, we may prove that 

(A~|--.e)t; = AC-\-BC. 

6.5. The associative law for multiplication. Another law 
that governs the product of complex nmube.rs is the associative 
law, of which an illustration is {ub)c — a{hc), either being com- 
monly denoted by the svanbol cibc. 

We ,sha.ll now consider the corresponding .relations between 
three square matrices A, B, each of order n. We shall show 

{AB)C = A{BC) 

and thereafter we shall use the symbol ABC to denote either 
of them. 

Let B — [b-if.], C [c;;.] and let BC = where, by 
Definition 11, n ■ 

Yik ^ij 

3~1 
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Then A{BC) is a matrix wlio.se elenieiit in the vth row and 
I’th column is n n 


where, by Delinition 11 


Similarly, let AB 


Then {AB)C is a, matrix whose clement in the ^th row and 
/rth column is „ n 

l-=l 

But the expres.sion (2) give.s the same terms as (1), though, 
in a different order of arrangement; for example, the term 
corresponding to I ?--- 2, j -- 3 in (1) is the same as the term 
corresponding to I 3, j — 2 in (2). 

Hence A{BC) = (A[.B)(7 and we may use the symbol ABC 
to denote either. 

We use to denote A A, .4*4^4, etc, 

6.6. The summation convention. When once the prin- 
ciple invohmd in the prevdous work has been grasped, it is best 
to use the summation convention (Chapter III), whereby 

n 

b^jCjj, denotes 

j=i 

By extension, 

■ ■ n n 

a;ib,,e;j. denotes T T (i,;b,;Cu; 


and once the forms (1) and (2) of §G.5 have been studied, it 
becomes clear that any repeated suffix in such an expj‘es.sion is 
a ‘dummy’ and may be replaced by any other; for example, 

<^u.^iAik ^hj^n^ik- 

Moreover, the use of the conventioji makes obvious the law 
of foianation of the elements of a product ABC,..Z-, this pro- 
duct of matrices is, in fact, 

^IJ ^jm ••• 

the i, k being the only sutiixes that are not dummies. 
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7. The commutative law for multiplication 

7.1. The third law that governs the nmitipli cation of com- 
plex number;? is the coniniiitative law, of which an example is 
ab ~ ba. As we have seen (Theorem 22), this law does not hold 
for matrices. There is, how'ever, an important exception. 

Definition 12, The square -matrix of order n that has unity 
in its hading d-iago-nal idaccs and zero elsewhere is called the 
ENTT MATEix of Order n. It is demoted by 1. 

The number n of rows and columns in 1 i.s usually clear from 
tlie context and it is rarely necessary to use distinct symbols 
for unit matrices of different orders. 

Let C be a square matrix of order n and I the unit tnahix of 
order nj then d(J Li ~~ ^ 

Also I = P ^ P = ... . 

Hence I has the properties of unity in ordinary algebra. Just 
as we replace 1 X x and a; X 1 by a- in ordinary algebra, so we 
replace IxG and 0x1 by C in the algebra of matrices. 

Further, if A’ is any number, real or complex, hPC = O.hl 
and each is equal to the matrix l:C. 

7.2. It may also be noted that if A is a matrix of n rows, 
B a matrix of 7i columns, and i the unit matrix of order n, 
then lA == A and BI = B, even though A and i> are not 
square matrices. If A is not square, A and I are not con- 
formable for the product A J. 

8. The division law 

Ordinary algebra is governed also by the division law, which 
states that when the product xy is zero, either x or y, or both, 
must be zero. This law' does not govern matrix products. Use 
0 to denote the null matrix. Then AO =■- OA = O, but the 
equation AB — 0 does not necessarily imply that A or B is 
the null matrix. For instance, if 
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the product A B is the zero matrix, although neither A nor B 
is the zero matrix. 

Again, AB may be zero and BA not zero. For example, if 


A - 


'a 

6' 

: B ==' ' 

■ b 

0], 



0 

0. 


—a 


ii 

'0 

O' 

J 

BA = 

ab 

62 - 


.0 

0, 



L— 

—ab_ 


9. Summary of previous sections 

We have shovnti that the symbols A, B^..., representing 
matrices, may be added, multiplied, and, in a large measure, 
manipulated as though they represented ordinary numbers. 
The points of difference between ordinary numbers a, b and 
matrices .A, .B are 

(i) whereas ab = ba, AB is not usually the same as BA; 

(ii) whereas ab ~ 0 implies that either a or b (or both) is 
zero, the equation AB = 0 does not necessarily imply 
that either U.4 or B is zero. We shall return to this point 
in Theorem 29. 

10, The determinant of a square matrix 

10.1. Wlien A is a square matrix, the determinant that has 
the same elements as the matrix, and in the same places, is 
called the determinant of the matrix. It is usually denoted by 
\A\. Thus, if A has the element in the «th row and /Ah 
column, so that A ~ then \A\ denotes the determinant 

It is an immediate consequence of Theorem 13, that if A and 
B are square matrices of order n, and if AB is the product of 
the two matrices, t/ie determinant of the matrix AB is equal to the 
product of the determinanis of the matrices A and B; that is, 

\AB\ = 

Equally, j == |.B{ X I- 

Since \A\ and [.Bj are numbers, the commutative law holds for 
their product and |A[| x 1B| ~ jB] X jA j. 
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Thus 1J.5| == although the matrix AB is not the same 

as the matrix .BJ.. This is due to the fact that the value of 
a determinant is unaltered when rows and columns are inter- 
changed, whereas such an interchange does not leave a general 
matrix unaltered. 

10.2. The beginner should note that in the equation 
\AB\ — 1.^4] X |Bj, of §10.1, both .^4 and B are matrices. It is 
not true that j7..vl| = 7b,hli, where k is a number. 

For simplicity of statement, iet us suppose A to be a square 
matrix of order three and let us suppose that 7? = 2. The 
theorem ‘ |^ + ij] = |4|+jB| ’ 

is manifestly false (Theorem 6, p. 16) and so {24L1 y?: 2|.4 j. The 
true theorem is easity found. We have 


'11 




21 


*'12 

^'22 


say, so that 
2A 


L®31 ®32 


— r2u2j 

^^12 

2%3 



2a23 

LSUgj 

2^1AL 


2a33. 


{Definition 8). 


Hence |2H | 

Tiie same is evident on applying § 10.1 to the matrix product 
21 X A, where 2I is twice tlie unit matrix of order three and so is 

"2 0 0 " 

0 2 0 
.0 0 2 . 


Examples VII 

Example.^ 1-4: are intended as a kind of mental arithmetic. 
1. Find tlie matrix A f B when 

(i) A 


-1’ 
1.3 41 


B - 


» 


(ii) A 


(iii) A [1 2 3], B [4 6 6]. 


M 

-1], B- 

•3 

-3’ 

2 

-2 

4 

-4 

.3 

-sj 

.5 

— 6. 
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Ans. (i) '6 SL 
LlO 12j 


(ii) 


(iii) [5 


9]. 


2, Is it possible to define the matrix A-j-B when 
(!) A has 3 rows, jB has 4 rows, 

(ii) A has 3 cohnans, B has 4 eohiTims, 

(iii) A. has 3 rows, B has 8 columns ? 

Ayis, (i), (ii), No; (iii) only if A has 3 columns and B 3 rows. 

3, Is it possible to define the matrix BA and the matrix AB when 
A, B have the properties of Example 2? 

Ans. AB (i) if A has 4 cols.; (ii) if B has 3 rows; (iii) depends on the 
number of columns of A and the number of rows of B. 

BA (i) if B has 3 cols.; (ii) if A has 4 rows; (iii) always. 

4. Form the j.iroditcts AB and BA wlien 

(i) A := ri 1], R = ri 21; (ii) A - ri 2], b 
11 1.1 b 4] 12 31 

Examples 5-8 deal with quaternions in thoir matrix form. 

5. If t denotes y( — 1) and I, i, j, k are defined as 

0], 0], 1], 

Lo ij Lo -J L-i oj 

then ij = h, jk = i, H — j; ji ~ —k, kj = 




k 


0 t], 

.t 0. 


■i, ih — — y. 


F = -I. 


Further, ~ j^ 

f). If <? = aI-Thi~r(^j-\-dk, Q' ■■= al—bi~cj—dk, a, 6, c, d being 
numbers, real or complex, then 

QQ' == 

7. If P ocJ-rjSi+yj + SF F' = al—^i—yj—Bk, a, )S, y, S being 

numbers, real or complex, then 

QPP'Q' ^ (^,(F+j82+y2+S®)/.Q' 

- QQ'.(a.^~hl^^+y^ + S^)I [see §7] 

-= (a2 + 524. F-l- d^)I. (F -f- / 32 +y2 -f S')I 
= (F+F-l-cHd2){a2+)3Hy"+B")I 
= Q'P'PQ. 

8. Prove the results of Example 5 when I, i, j, k are rcspectivelj?- 


'1 

0 

0 

0- 


r 

1 0 

0 - 

■> ■■ 

r ^ 

0 

1 O '! 

9 

r ^ 

0 

0 

1-1 

0 

1 

0 

0 


-1 

0 0 

0 


0 

0 

0 1 


0 

0 

-1 

0 

0 

0 

1 

0 


0 

0 0 

-1 


-1 

0 

0 0 


0 

1 

0 

0 

.0 

0 

0 

ij 


- 0 

0 1 

0 J 


. 0 

-1 

0 0 . 


.-1 

0 

0 

0 - 


9. By considering the matrices 
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together with matrices a/+ 6 t, al~bi, where a, b are real numbers, show 
liiat the xisual complex number nray bo regai’dcd as a sum of matrices 
wliosc elements are real numbers. In particular, show that 

{aI-\~bi){aI~bL) = ia^+b^)h 
(aJ-b 6 i)(cJ~(-dt) ~ {ac~bd)I +{ad-rbe)L. 

10. Prove that 

[ax^-rbi/^ + cz^-\-2,fyz+ 2(jzx~\- ^kxy], 



"a h 

9' 


'x' 


h b 

J 


y 


.9 f 



A. 


that is, the usual quadratic form as a matrix having only one row and 
one column. 

11 . Prove that tho matrix equation 

A® - B 2 = {A - B){A + B) 

is true only if AT? = BA and that uA--r2/(A A’+ftZl- cannot, in general, 
be written as the product of two linear factors unless AB “ RA. 


12. If Ai, Aa are numbers, real or complex, and A is a square matrix 
of order w, then 

A®— (Ai-rA2)A-i-Ai Aa I == (A — ^ Ai J){A — Aa /), 
where / is the xinit matrix of order n. 

Hint. The R.ILS, is A^— A 3 A/— Ai JfA+AiAal® (by the distributive 
law). ■ 

13. If /(A) is po^”+PiA’*~^+ — +Pn» where p^, A are numbers, and if 
/(A) denotes the matrix 

Po ^ + Pi A • • H-Pn. 

then /(A) P(,{A -Ai /)...(A— A„ 2), 

where A^,..., A,j are the roots of the equation /(A) = 0 . 

14. If B — XA+jxI, where A and p. are numbers, then BA — AB, 

The use of submatrices 

15. The matrix P Tpn Pm Pia' 

I 'Pii Paa P 23 

Uhl Paa f*33- 

\Pn Pi.V 

LPai 

Pn denotes rpu pial* Pja denotes [Pia], 

iPii PiJ' 

Fsi denotes [pgi P 33 ], 


may bo denoted by 
where 


IPaaJ 
Pag denotes [P 33 ]. 


82 DEFINITIONS AND ELEMENTARY PROPERTIES 


Prove that, if Q, Qn, etc., refer to like matrices with instead of p^j., 
then P+<3= fPuH-Qu Pi^+QuV 

LPai + Qai P22 + ^?gaJ 

PQ ^ \PiiQn+Pi,Qn PiiQn+PiM’ 

^■^21 ^ii'hPaa Qai -^21 *?la^~■^22 ^ 22 -* 

Note. Tlie first ‘eohann’ of PQ as it is written above is merely 
a shorthand for the first two columns of the product PQ when it 
is obtained directly from [p^j.] x 

16. Prove Example 8 by putting for 1 and t in Example 5 the tw'o- 
rowed matrices of Example 9. 

17. If each P^g and Qfg is a matrix of two rows and two colunms, 
prove that, when r 1, 2, 3, s ~ i, 2, 3, 

[PrJ X [(?„]- 

Elementary transformations of a matrix 

J8. lij is tlie matrix obtained by interchanging the ith and jth rows 
of the unit matrix I. Prove that the effect of pre -multiplying a square 
matrix A by Jy ■will bo the interchange of two row’s of A, and of post> 
multiplying by Jy, the interchange of two columns of A. 

Deduce that 7?,- = I, likhiln = hp 

19. If H — 7-f [Ay], the imit matrix supplemented by an element h 
in the position indicated, then HA affects A by replacing rowj by 
row^-f Arowj and AH affects A by reifiacing col.j by col.j>~i-/4Col.y 

20. If H is a matrix of order n obtained from the unit matrix by 
replacing the rth unity in, the principal diagonal by A, then HA is the 
result of miiltijdying tlie -rth row of A by k, and AH is the result of 
multiplying the rth column of A by h. 

Examples on matrix multiplication 

21. Prove that the product of the two matrices 

r cos f? sin 01, r cos^^j cos ^ sin 96] 

Lcos6lHin0 sin^0 J [cos sin 9^ sin"(^ J 
is zero when 6 and 9^ differ by an odd multi i:.ilo of Irr. 

22. When (Ai,A2,A3) and {pii are the direction cosines of two 

lines I and m, prove that the product 



A,A« 

Al A;j' 

X 

■ 



A1A2 

A? 

AjAg 


p-i/Xo 

i4 



Ai^ 

A| . 



fI j 


is zero if and only if the lines I and m are perpendicular. 

23. Prove that L- L wdicn L denotes the first matrix of Example 22. 
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1. Tlie transpose of a matrix 
i.i. Definition' 13. If A is a matrix of 71 columns, the onatrix 
n'likh, for r = 1 , 2 ,..., n, has the r-tli column of A as its r-th row 
is calk'd the tkanspose op A (or the teansfosed matkix op A). 
It is denoted by A'. 

If A ~ A', A is said to be symmetrical. 

The definition aj)plies to all rectangular matrices. For 
example, 


A 2' 

is the transpose of 

[1 3 5' 

3 4 


[2 4 6. 

.5 6. 




for the rows of the one are the columns of tlie other. 

, When we are considering square matrices of order n we shall, 
throughout this chapter, denote the matrix by writing down 
the element in the tth row and /cth column. In this notation, 
if A ~ then A' — for the element in the Ah row 
and I'th column of A' is that in the I’th row and Ah column 
of A. 

1.2. Theorem 23. Law op reversal por a transpose. If 
A and B are sqiiai'e matrices of order n, 

(AB)’ = R'A'; . 

that is to say, the transyjose of the product AB is the product of 
the transposes m the reverse order. 

In the notation indicated in § 1.1, let 

A == [«,,], B = M, 

so that A' = = PaJ* 

Then, deno'fcing a matrix by the element in the Ah row and 
Xdh column, and using the summation convention, we have 

AR = - KM- 
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Now the i’th row of B' is hi^, column of 

A' is %i, a,]ctil the inner product of the two is 

2 " .2 ^kj 

J =--1 3=1 

Hence, on rererting to the use of the summation convention, 
the product of the matrices B' and A' is given by 

B'A' == 

= {ABy. 

Corollary. If A, B,..., K are square matrices of order n, the 
transpose of the product AB.,Ji is the jrrodiict K'...B'A'. 

By the theorem, 

{ABOy = C'iAB)' 

= C'B'A', 

and so, step by step, for any number of matrices. 

2. The Kronecker delta 

The symbol 8^^ is defined by the equations 

== 0 when i ^ k, — 1 when i — k. 

It is a particular instance of a class of symbols that is exten- 
siv^ely used in tensor caleidus. In matrix algebra it is often 
convenient to use to denote the unit matrix, which, as we 
have already said, has 3 in the leading diagonal positions (when 
i ™ k) and zei'o elsewhere. 

3. The adjoint matrix and the reciprocal matrix 

3.1. Transformations as a guide to a correct definition. 
Let ‘numbers' X and x be connected by tlie equation 

X=^Ax, (!) 

where A symbolizes a matrix 

When A = 0, x can be expressed uniquely in terms 

of X (Chapter II, §4.3); for -when we multiply each equation 
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by the co-factor and sum for i = 1, 2 ,,.., n, wc obtain 


i = l 


That is, 


or 


& = 1 i==l 

= 2 (Theorem 10 ) 

&==i 

x^A, 

cr,=--.f(A,JA)X, 

i=l 

- 2 

*-1 


(2 a) 


Thus we may write equations (2 a) in the sym])olic form 

a; -- .4 -IX, . (2) 

which is the natural comjjlement of (1), provided we interpret 
A~^ to mean the matrix 

3.2. Formal definitions. Let A = [%.] be a square matrix 
of order n; let A, or \A\, denote the determinant and let 
Ayg denote the eo-foetor of in A.- 

Defixitiox 14. ^4 == is a singular matrix if A = 0; 
it is an ordinary matrix or a non-singular matrix if A 0. 

Definition 15. The matrix is the adjoint, or the 

ADJUGATE, matrix of f/q-J. 

Definition 16, When is. a non-singular matrix, the 
matrix [Aj^fA] is the reciprocal aiatbix of 

Notice that, in the last two definitions, it is Aj.^ and not A^^g 
that is to be found in the ith row and kth column of the matrix. 

3.3. Properties of the reciprocal matrix. The reason for 
the name ‘the recijn'ocal matrix^ may be found in the properties 
to be enunciated in Theorems 24 and 25. 

Theoreai 24. If [u is a mm-singtilar square matrix of order 
n and if is the co-factor of a^g in A = then 

KJx[4«/A]=-f, (1) 

and [-4K/A]x[«a] = /, (2) 

where I is the unit matrix of ordern..- ' ' . 
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The element/ in the ith row and /jth column of the product 

fe/cj 1 

3-1 

which (by Theorem 10, f p. 30) is aero when i # k and is unity 
when == k. Thus the product is [S^;J — I. Hence (I) is proved. 
Similarly, using now the sura, convention, w'e have 

[.4„/A]x[aa.] = 

= [M.: ; : t 

and SO (2) is proved. 

3.4. In virtue of Theorem 24 we are justified, when A denotes 
K], in writing [4^/A] = 

for we have shown by (1) and (2) of Theorem 24 that, with 
such a notation, ; / 

AA-^ = / and A~U = L 

That is to say, a matrix multiplied by its reciprocal is equal 
to unity (the unit matrix). 

But, though we have shown that is a reciprocal of A, 
we have not yet shown that it is the only reciprocal. This we 
do in Theorem 25. 

Theorem 25. If A is a non-singular square matrix, there is 
only one matrix which, ichen nvulti'plied by A, gives' the unit 
matrix. 

Let B bo any matrix such that AR ~ I and let A"’^ denote 
the matrix Then, by Tlieorem 24, AA~^ = /, and hence 

AB-AA-^ = I-I = 0. 

It follows tliat (note the next two stej)s) 

A~L4(B—A~^) = A~^.0 ~ 0 (p. 75, §6.5), 
that is (by (2) of Theorem 24), 

/(i?-H-i) 0, he. i?— H-i = 0 (p, 77, § 7.1). 

Hence, if AB = I, B must be A~^. 

t For the precise form used here cojnpare Example 6, p, 62. 
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Similarly, if EA ~ /, we have 

= BA-A-'^A ^1~~1 0 , 

and so (jS— == 0; 

that is = 0, i.e. B—A~^ = 0. 

Hencej if BA ~ I, B must he A~'^. 

3.5. In vii'tue of Theorem 25 we are justified in speaking of 
^4-^- not merely a,s a reciprocal of A, but as ihc reciprocal of .4. 

Moreover, the reciprocal of the reciprocal of M is A itself, or, 
in symbols, a 


For since, by Theorem 24, AA~^ == A~K4 /, it follows that 
A is' a recij>rocal of and, by Theorem 25, it must be the 
reciprocal. 


4. The index law for matrices 
We have aheady used the notations A-, .4^,... to stand for 
AA, AAA ,.,. . When r and s are positive integers it is inherent 
in the notation that 

A^'XA^ = A^+^. 

When denotes the reciprocal of A and s is a positive integer, 
we use the notation 4."® to denote With this notation 

we may write ^ ^^+5 ( 1 ) 

whenever r, s are positive or negative integers, provided that 
4” is interpreted as I. 

We shall not prove (1) in every ease; a proof of (1) when 
r > 0, s == —t, and t > r > 0 will be enough to show the 
method. 

Let t — rd-/j, wliere k > 0. Then 

4Ll-^ = 4»'4-^-* =' A^A~^A-K 
But 44“i ~ I (Theorem 24), 

and, when r > 1, 

A^A~^ 4'‘-L44-i4-^+i =: A^-UA~^-^ A^-KA-’'+^, 

so that A’'A~^ = 444”^ = I. 

Hence 4 l4“^ — 14“^ = 4“* = 4”~^ 


LIBE^RY 
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Similarly, we may prove that 

(jry Jrs 

whenever r and 6’ are positive or negative integers. 


( 2 ) 


5. The law of reversal for reciprocals 

Thkotie:m 26. The 7 'eciprocal of a product of factor,'^ ns the 
product of the reci^irocah of the factors in the. reverse order; in 
particular, 

{ABC)~^ - 

- BA. 

Proof. For a product of two factors, we have 

. {A B) = B-'^A-^AB {p. 75, § G.5) 

= B-^IB 

-= B-^B = I (p. 77, §7.1). 

Hence B~h{~'^ is a reciprocal of -.4 ,8 and, by Theorem 25, it 
must be the. reciprocal of *48. 

For a product of three factors, we then have 

{C"^B-^A-'^){ABC) = C-UG 

^ G~W =- I, 

and so on for any number of factors, 

Theoeem 27. The operations of rcciprocaHng and transposing 
arc coni mutative ; that is, 

{A')-^ -- (A-^y. 

Proof. Tlie matrix A~'^ is, by definition, 

so that (-4“^)' ~ [-4;/./-^]. 

Moreover, A' == [c//.;.] 

and BO, by the definition of a product and the results of 
Theorem 10, =-_= == /. 

Hence is a reciprocal of .4' and, by Theorem 25, it must 

be the reciprocal. 
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6. Singular matrices 

If A is a singular ma.trix, its determinant is zero and so we 
cannot form the reciprocal of though we can, of course, form 
the ad j ligate, or adjoint, matrix. Moreover, 

Theorem 28. The 'product of a singular matrix by its adjoint 
is the zero matrix. 

Proof. Ji'. A and 0, tlien 


both wdien i -/- k and ivhen i -- h. Hence the products 

[chkl X [-^ki] and x M 
are both of them null ina, trices. 


7. The division law for non-singular matrices 
7.1. Theorem 29. (i) If the matrix A is non-singular, the 
equation AB Qt hnpUes B — 0. 

(ii) If the matrix B is 'yion-singular, the equation AB ~ 
imqllies ^4 = 0. 

Proof, (i) Since tlie matrix A is non-singular, it has a reci- 
procal and xl“Vl — I. 

Since AB ^ 0, it follows tliat 


But A~'^xiB “ IB = B, and so i? — 0. 

(ii) Since B is non-sirignlar, it has a reciprocal and 
JiB-i -- I. 

Since. A B = 0, it follows that 


But ABB~^ ~ AI = A, and so A —. 0 . 

7.2. The division law for matrices thus takes the form 

'If AB — - 0, then either A ^ 0, or B — 0, or both A and B 
are sing-ular matrices I , - ■ . 
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7.3. Theohem 30. If A is a gicen mafrix ami B is a non- 
singular matrix (both being square matrices of order n), there is 
one and only one matrix X such that 


and there is one and 07 ily one matrix Y such that 


Moreover, X = B~hl, Y A B-K 

Proof. We see at onee tliat X satisfies (1); for 

= lA = A. Moreover, if A BB, 

0 ^ BR-~A - B{R-B~-^A), 

0 = 

= i{B-B~M), 

so that R~B-^A is the zero matrix. 

Similarly, Y = AB~'^ is the only matrix that satisfies (2). 

7.4. The theorem remains true in certain circumstances when 
A and B are not square matrices of the same order. 

Cokollaha". If A is a matrix of m rows and n colmnns, B 
a non-singular square matrix of order ?«, then 


has the unique solution X = B'- '^A . 

If A is a matrix of m rows and n colmmis, C 
square matrix of order n, then 


has the miique solution Y = AC-'^. 

Since }i~'^ has m columns and A lias m rows, and A are 
conformahle for the product B~^A, whicli is a matrix of ??i rows 
and n eoliimns. Also 

1A=:^A, 

where J is the unit matrix of order w. 

Further, if A = BR, R must be a matrix of m row’s and 
n columns, and the first part of the corollary may he proved 
as we proved the theorem. 
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The second part of the curoliary may be proved in the same 

:'way.. 

7.5. The corollary is parti ciilarl}’' useful in writing down 
the solution of linear equations. If A = is a non-singular 
matrix of order ?i, the set of equations 

i ^hk^ic {i = ’0 (3) 

/c 1 

ma,}’- Ije written in the matrix form b -- Ax, where b, x stand 
for matrices with, a single column. 

The set of equations 

n 

h=l (^kiVk (i = 1.-. (^) 

. ■ fc = l ■ 

may be -written in the matrix form b' ~ y'A, where b', y' stand 
for matrices "with a single row. 

The solutions of the sets of equations are 

y' = 6h4-h 

An interesting application is given in Example 11, p. 92. 


Examples VIII 


A = 

Pa h cf 

B = 



U, 6 / 


vx y-i 2/3 


Lt? / c. 


,2^1 Z^_ 


form tho products MB, BA, A'B', B'A' and verify the resirlt enunciated 
in Theorein 23, p, 83. 

Hint, Use X = ax'\-hy-, gz, Y = hxA-by-rf^i ^ ~ 0X+fy'\-cz, 

2. Form these products wlien A, B are scpiaro matrices of order 2, 
neither being syinraotrical. 

3. When A, B arc the matrices of Example 1, form the matrices A 
B“^ and %T'rify by direct evaluations that (AB)-”^ = B-Ll""^. 

4. Prove Theoi'cm 27, that (A')“^ — (A“^)', by considering Tlicorera 
23 in the particular case when, B ~ A~^. 

5. Prove that the product of a matrix by its transpose is a sym- 
metrical matrix. 

Hint. Use Theorem 23 and consider the transpose of the matrix AA\ 

6. Tho product of the matrix [ajj,] by its adjomt is equal to fei-r- 


m 
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Use of submatrices (coinparo Examialo 15, p. 81) 

7. Let L =- [A 1], if = [p 1], iV = [v], where A, p, v are non-zero 
LO AJ LO ill 


munbers, and let 


Prove that 


A 


0 

if 

0 


A® 

■Z'“ 

0 

0 ' 

A“i = 

■Z“i 

0 

0 ■ 


0 


0 


0 

Af-1 

0 


. 0 

0 



. 0 

0 



Hint. In view of Theorem 25, the last part is proved by showing 
that the product of A and the last matrix is f . 

8. Prove that iff(A) where Pn 

numbers, then/(i.) may be written as a matrix 

r/(L) 0 0 

0 /(if) 0 

0 - 0 f{N)j 

and that, when /(A)’ is non -singular, {/(A)}“^ or 1//(A) can be written 
in tl)e same matrix form, but with 1//{L), l/fiM), llfiN) instead of 
f{L),f{M), f{N). 

9. If /(A), g{A) are two poljmomials in A and if g{A) is non-singular, 
prove the extension of Example 8 in which f is replaced hy fjg. 

Miscellaneous exercises 

10. Solve equations (4), p. 91, in the two forms 

y — {A')~^b^ y' — h'A~'^ 
and then, using Tlieorem 23, prove that 

{Ar^ === (A~i)'. 

11. A is a non-singular matrix of order n, a: and y are single-column 
matrices with n rows, I' and 7n' are single-row matrices with n columns; 

y = Ax, I'x —■ til'y. 

Prove that rA“^, OT = (A”^)7. 

3 ■ ' ' 

Interpret this re.sult when a linear transformation yi ~ T) an- 
{i — 1, 2, 3) changes 

(aq, cTj, jPg), {yi,yi,y'i) are regarded as homogeneous point-coordinates in 
a plane. 

12. If the elements of A are real, and if AA' ~ 0, then A. — 0. 

13. The elements of A are complex, the eleinen(.s u.i^ of A arc tho 

conjugate complexes of ajj,, and A A' — 0. Prove that A = ^ 0. 

14. A and B are square matrices of the same order; A is symmetrical. 
Prove that B'AB is sjaumotrical. [Chapter X, §4.1, contains a proof 
of this.] 
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[Section U is of lerss gonoi’al interest than Iho remainder of the chapter. 
It may well be omitted on a lirst reading.] 

1. Definition of rank 

1.1. The minors of a matrix. Suppose we are git’-en any 
matrix A, whetlier square or not. Erom this matrix delete all 
elements save those in a ct'rtfiiu r rows and r (toiiunns. Wiieix 
r > 1, the elejitents that remain form a square matrix of order 
r and the determinant of this matrix is called a ininor of .4 of 
order r. Eacli individual element of A is, when considered 
ill this connexion, called a minor of A of order 1. For 
example, 


the determinant ! a c 

is a minor of 

“a b c 



d e f 



-9 ^ i. 


of order 2; a, b,.., are minors of order 1. 

1.2. Now any minor of order r-f-l (r ^ 1) can be expanded 
by its first row (Theorem 1) and so can be written as a sum of 
multiples of minors of order r. Hence, if every minor of order r 
is zero, then every minor of order r-)~l must also be zero. 

Tile converse is not true; for instance, in the example given 
in § I.l, the only minor of order 3 is the determinant that con- 
tains all the elements of the matrix, and. tliis is zero if a -- b, 
d ~ e, and g h; but tlie minor ai—gc, of order 2, is not 
necessarily zero. 

1.3. Rank. Unless every single element of a matrix A. is 
zero, the.re will be at least one set of minors of the same ordeu’ 
V'hicli do not all vanish. For any given matrix with n rows and 
m columns, other than tlie matrix with, every element zero, 
there is, by the argument of §1.2, a definite positive integer p 
such that 

EITHER p is loss than both )n and n, not all minors of order 
p vanish, but all minors of order p-\~l vanish, 



94 TITE BANK OF A MATRIX 

OR p is equal lof not all niinors of order p vanish, 

and no minor of order p+1 can be formed Ifom the matrix. 

This number p is called the eaxk of the matrix. But the 
definition can bo made mueli. more compact and we shall take 
as our working <3ciinitioii the following: 

Definitiox 17, A matrix has rank r when r is the largest 
integer for ivhicJi the statement ‘not all minors of order r are 
zero ’ is valid. 

For a non-singular square matrix of order n, the rank is 
for a singular square matrix of order n, the rank is less than n. 

It is sometimes convenient to consider the null matrix, all 
of wiiose elements are zero, as being of zero rank. 

2. Linear dependence 

2.1* In the remainder of this chapter we shall be concerned 
■with linear dependence and its contrary, linear independence; 
in particular, w’e shall be concerned ■with the possibility of 
expressing one row" of a matrix as a sura of multiples of certain 
other rows. Wc first make precise ■fcho meanings we shall attach 
to these terms. 

Let be ‘numbers^ in the sense of Chapter VI, each 

having n components, real or complex numbers. Let the com- 
ponontsbe 

Let F be any field | of numbers. Then f/i,..., are said to be 
linearly" dependent with respect to F if there is an equation 

wherein all the Vb belong to F and not all of tliem are zero. 
The equation (1) impHes the n equations 

The contrary of linear dependence ■vdth respect to F is linear 
independence ■with x'espect to F. _ 

The ‘number is said to be a sum of multiples of the 

t When m = ‘ mbx{m, n) m = n; 

■when m ^ n', ' miaim, n) s=. the smaller of m and n. 

t- C 9 mpare Preliminary Note, p, 2. ' 
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wit}] respect to F if tliere is an equation of 
( 11 ==^-- ( 2 ) 
Avliercin all tlie I/s belong to F. The equation (2) implies the 
7} equations 

^ li' ^2 • *’ Ij”-} ^0’ 

2.2, Unless the contrary is stated we sliail talco F to be the 
field of all numbers, real or complex. jMoixujver, we shall use 
the ])hrase3 ‘linearly dependent’, ‘linearly independent’, "is a 
sum of multiples’ to imply tliat each i)roperty liolds with 
respect to the field of all numbers, real or complex. For 
example, ‘the "‘7iumbeF’ n is a sum of multiples of the 
b and c’ will imj)ly an equation of the form a where 

7^ and ai'e not necessarily integers but may be any numbers, 
real or complex. 

As on previous ooeasions, -we shall allow ourselves a wide 
interpretation of wliat w'e shall call a ‘7i7mbeF: for cxani]de,in 
Theorem 31, which follow's, we consider each row of a matrix 
as a '7vumbcr\ 

3. Rank and linear dependence 

3.1, Theoeem 31. If A is a 7natnx of rank r, where r ^ I, 
and if A has inore than r 7'ows, 7vc can select r rows of A and 
ex 2 ')ress eiwj other ro?a as the snm of multiples of these r rones. 

Let A have 7n ro^^'s and columns. Then there are two 
possibilities to be considered; either (i) r = n and m > n, or 
(ii) r < 71 and, also, r < ?«, 

(i) Lot r ~ n and 7n > ?^. 

There is at least one non-zero determinant of order n that 
can be formed from A. Taking letters for columns and suffixes 
for rows, let us label the elements of A so tliat one such non- 
zero determinant is denoted by 


‘mw'ibers' a. 
the form 


With this labelling. 


row, 
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Then (Chap. II, §4.3) the n equations 


— ^^’n+9 ) 

have a unique solution in li, L,..., 1,^ given by 

h K+9b^-^K)K^hb2--h)> 

L = (%6,,+^C3... 

and so on. Hence the rowf with suffix 0 can be expressed 
as a sum of multiples of the n rows of A that occur in A. This 
proves the theorem when r ~ n < m. 

Notice that the argument breaks down if A = 0. 

(ii) Let r < n and, also, r < m. 

There is at least one non-zero minor of order r. As in (i), take 
letters for columns and suffixes for rows, and. label the elements 
of A. so that one non-zero minor of order r is denoted by 


Witli this labelling, let the remaining rows of A have suffixe 
r+1, r-|-2,,.., m: 

Consider now the determinant 


1 ^'r+e • ‘ Pr^O 1 

where 6 is anj’- integer from 1 to m—r and where a is the letter 
of Any column of A. 

If a is one of the letters a-,..., p, then D has two columns 
identical and so is zero. 

If a is not one of the letters p, then is a minor of 
A of order f-fl; and since the rank of A is r, 7) is again zero. 

t Using Pi to denote the row whose letters have suffix i, we may write 
equations ( 1 ) as _ 7 j_7 i i 7 
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Hence D is zero when, a is tJie letter of any column of A , 
and if we expand D its last column, we obtain the equation 

cKj^-'f-Ao ao-'j" = 0, (2) 

y/liere M ^ 0 and where 31, A^,,.., A^ are all independent of a. 
Hence (2) expresses the row with suffix r-\~6 as a sum of 
multiples of tlie r row-s in 31; symbolically, 






M 


Pr 


K 

31 


Pt’ 


This proves the tlieorem wdien r is less than m and less than n. 

Notice that the argument breaks dowm if il,f -- 0. 

3.2. Theobem 32. If A. is a matrix of rank r, it is impossible 
to select q roics of A, 'where q < r, mid to express every other row 
as a s'lmi of multiples of these q rows. 

Suppose that, co.ntrary to the theorem, wn can select q rows 
of A and then exju’ess every other row as a sum of multiples 
of them. 

Using suffixes for rows and letters for columns, let us label 
t.ho elements of H so that the selected q rows are denoted by 
Pi, po,..., Pfj. Then, for k — 1,..., m, where m is the imniber of 
row's in A , there are constants X(j. such that 

Pk "= \kPiA-">-r\kPql (^) 

for At — 1,..., q, (3) is satisfied when = Bf,., 
and if k > q, (3) expresses our hypothesis in symbols. 

Now consider axy (arbitrary) minor of .4 of order r. Let the 
letters of its columns be a,..., 6 and let the suffixes of its rows 
be Zq,..., k,.. Then this minor is 




-fA 


qki 






« I 


wffiit'ii is the product by rows of the two determinants 



■ 

0 . 

. 0 

5 


• “t 

0 . 


• Kkr 

0 . 

. 0 


d, . 

• % 

0 . 


each of which has r~q columm of zeros. 
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Accordingly., if oiir supposition were true, every minor of ,4 
of order r would be zero". But this is not so, for since the rank 
of 4 is r, there is at least one minor of A of order r that is not 
zero. Hence our supposition is not true and the theorem is 
established. 


4. Non-homogeneous linear equations 
4.1. We now consider 


a set of m linear equations in n unknowns, ay,..., ay,.. Such a set 
of equations may either be consistent, that is, at least one set of 
values of x may be found to satisfy all the cejuation.s, or they 
may be inconsistent, that is, no set of values of a- can be .found 
to satisfy all the equations. To determine whether the cJiua- 
tions are consistent or inconsistent we consider the matrices 


We call B the augmented matrix of 4. 

Let the ranks of 4, B be r, r" respectively. Then, since orery 
minor of 4 is a minor of B, either r ~ r' or r < / I if 4 has 
a non-zero minor of order r, then so has B; but the converse 
is not necessarily true]. 

We shall prove that tJie equations are consistent ■irhen r --- r' 
and are inconsistent when r < rh 

4-2. Let r < Since r' < on, r < on. We caii select r rows 
of A and express every other row oi‘ 4 as a sum of multiples 
of these ?■ rows. - 

Let us number the equations (1) so tliat the sclcctcLl r rows 
become the rows with suffixes 1,..., r. Then we have ec|uations 
of the. form 

wherein the are indopendtmt of t. 

' ■ Let us now make the hypothesis that the equations (1) are 



* 

, B = 

-n,i . 



J^'mt 

’ ^mn. 



* 

K- 
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consistej-jt. Then, on multiplying (2) by and summing from 
t — ■ 1 to t n, we get 

‘y ~ (<^) 

Tile equations (2) and (3) together impl,y that ive ea-ii express 
any row of B as a sum of multiples of the first r rows, which 
is contrary to the fact tliat the rank of B is / (Theo.reiu 32), 
‘Hence the <‘quations (1) cannot be consistent. 

4.3. Let y' r” r. If /• ■-= m, (1) may be written as (5) below. 

If r < m, we can select r rows of B and express every other 
row as a sum of multiples of tliese r rows. As before, mimber 
the equations .so that these r rows correspond to i -- 1 ,..., r. 
Then eveiy set of x that satisfies 


satisfies all the equations of (1). • ' 

Now let a denote the matrix of the coe.rfjcicnts of x .in (4). 
Then, as we shall prove, at least one minor of a of order r must 
have a value tlistinct from zero. For, since the /jtli row of A 
can be written as > ^ l « 

every minor of A. of order r is the product of a determinant 
^ determinant Kq-rlj ’wherein i has the values 1,..., r 
(put q =■ r in the work of §3,2); that is, every minor of A of 
order r has a minor of a of order r as a factor. Tut at least 
one minor of A of order r is not zero and hence one minor of 
a of order r is not zei-o. 

Let the suffixes of the variables be numbered so that the 
first r columns of a yield a non-zero minor of order r. Then, 
in this notation, the equations (4) become 


wherein the determinant of the coefficients on the ieft-luind 
side is not zero. The summation on the right-hand side is 
present only when n > r. ' ' ■ 

If 71 > r, w'e may give arbitrary values and then 

solve equations (o) uniquely for ’ Hence, if r =• r' and 

■ , ' Lrfv^nRT. - 

. IGLICLLTLLsL jxdPiiEHEnTfi POfSl - 
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n > r, the equations (1) are consistent and certain sets of n—r 
of the variables a: can be given arbitrary values. f 
If n = r, the equations (5), and so also the equations (1), are 
consistent and have a unique solution. This unique solution 
may be written sjunbolie-ally (Cliap. VII, §7.5) as 

where is the matrix of the coefficients on the left-hand side 
of (5), b is the single-column matrix with elements 
and X is the single-column matrix -with elements .Ti,.,., 

5. Homogeneous linear equations 

The equations 

n 

= 1,..., m), (0) 

i~-l 

w'hieh form a set of m homogeneous equations in n unknowns 
may be considered as an example of equations (1) 
when all the bi are zero. The results of § 4 are immediately 
applicable. 

Since all b^ are zero, the rank of B is equal to tlie rank of A, 
and so equations (G) are always consistent. But if r, the rank 
of A, is equal to n, then, in the notation of §4.3, the only 
solution of equations ((>) is given by 

X — b ■— 0. 

Hence, when r -- n the only solution of (G) is given by x = 0, 
that is, = aq = ^ 0. 

When ?’ < n we can, as wiien we obtained equations (5) of 
§4.3, reduce the solution of ((3) to the solution of 

~~ ^ (^' lj”'j 0) (0 

wherein the determinant of tJie coefficients on tiio left-ljand 
side is not zero.! In this case, all solutions of ((») are given by 

t Not all sf't.H of n—r of tlio variab'Jcs may be given ainiti'ary values; tbe 
erilorion is that the coefficients of the remaining r variables should provide 
a non-zero determinant of order r. 

$ The notation of (7) is not necessarily that of (G): the labelling of the 
elements of A and the numbering of the variabltvs x has followed the procedui-e 
laid down in § 4,3. 
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assigning arbitrary values to and then solving (7) for 

a:,.. Once tbe values of av-i-i’---? ^'n iiavo been assigned, the 
equations (7) deteriuine aq,..., uniquely. 

In particular, if there are more variables than equations, 
i.e. 7 h > -in, then r < ■ti and the equations have a solution other 
than aq =- ... ~ U. 

6. Fundamental sets of solutions 

6.1. When r, the rank of A, is less than we obtain ‘n—r 
distinct solutions of equations (6) by solving equations (7) for 
the -n—r sets of values 

^r+l dj — dj ...j d, 

0, ^ “ I5 0, 

^'n ~ ^'n ” ^5 

We shall use X to denote the single-column matrix wliose ele- 
ments are rr„. The particular solutions of (C) obtained 

from the sets of values (8) we denote by 

X/, (k ^ 1, 2,..,, n~r). (9) 

As we shall prove in § 6,2, the geneiul solution X of (6), which 
is obtained by giving aq arbitrary values in (7), is 

furnished by- the formula 

( 10 ) 

&==i 

That is to say, (a) every solution of (6) is a simi of multiples 
of the particular solutions X;^.. Moreover, (h) no one X;^. is a sum 
of multiples of the other X;„ A set of solutions that has the 
properties (a) and (6) is called a fundamental set of solu- 
tions. 

There i.s nioi'e tiian one fundamental set of solutions. If we 
replace the nuinbers on the right of the equality signs in (8) by 
the elements of any non-singular matrix of order 71 — r, we are 
led to a fundanieiitai set of solutions of (0). If we replace these 
numbers by the- elements of a singular matrix of order ?i— r, 
W'e are led to 7i~r solutions of (6) that do not form a iiinda- 
mental set of solutions. This we sluill prove in § 6.1. 



102 


THE RANK OF A MATRIX 


ift,: 

, 1^/fl ' 

.r, fr ' 
, 

■ 




6.2, Proof f of the statements made in §6.1. We are 
concerned with a set of m liomogeneons linear equations in 7i 
unknow]is when the matrix of the coetlicients is of rank r and 
?' < n. As W'o have seen, every solution of suth, a set is a solu- 
tion of a set of equations that may be written in tlie form 


0=1 


■ V apXi = r), 

t~r + l 


wherein the determinant of tlie coefficients on the left-hand 
side is not zero. W’e shall, therefore, no longer consider the 
original equations but shall consider only (7). 

As in §6.1, w^e use X to denote aq,..., x,^ considered as the 
row elements of a matrix of one column, 'Xj. to denote the 
particular solutions of equations (7) obtained from the sets of 
values (8). Further, we use I;, to denote the /Ah column of (8) 
considered as a one-column matrix, that is, I^. has unity in, its 
/cth row and zero in the remaining n—r— 1 rows. Let denote 
the matrix of the coefficients on the left-hand side of equations 
(7) and let denote the reciprocal of 
In one step of the proof w'e use to denote 
considered as the elements of a one-column matrix. 

The general solution of (7) is obtainec] by giving arbitrary 
values to and then solving the equations (uniqueljq 

since A^ is non-singular) for x^. This solution may be 

symbolized, on using the device of sub-matrices, as 

r q ■ 

r ..r, n X ■ ■ ■ S'mI- 


n—r 

1 

A: = l 


.But the last matrix i.s 


n «-r 

2 h’+A- 
A: = l 


J-l 

• ' * 


n—r 

k-1 


f Many I’caders will prefer to omit these proofs, at least on a first I’oadiiig. 
he remainder of § 6 does not make easy reading for a beginner. 
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And so we have proved that every solution of (7) ]nay be rex^re 
sented by the formula 


6.3. A fundamental set contains n—r solutions. 

6.31. We tirst prove tliat a set of less than n—r solutions 
cannot form a fundainontal set. 

Let Yj,..., Yp, where p <. n—r, be any p distinct solutions of 
(7). Sux)pose, contrary to what we wish to x>rove, that Y^ form 
a fundamental set. Tlien there are constants A,.,, such that 


where the Xj. are the soiiitioiivS of §6.1 (9). By Theorem 81 
ax>];died to the matrix [A^-jJ, whose rank cannot exceed p, we 
can ex])ress every X/. as a sum of multix)les of p of them (at 
most). But, as we see from the table of values (8), this is 
imxJossible; and so our sui^x^osition is. not a true one and the 
Y^ cannot form a fundamental set. 

6.32. We next j)rove that in any set of more than n—r solu- 
tions one solution (at least) is a sum of multix>les of the re- 
mainder. 

Let Yj,..., Yp, where p > n—r, be any p distinct solutions of 
(7). Then, by (10), 


where is tlie value of in Y^.. Exactly as in §6.31, we 
can exxu’ess every Y^ as a sum of multiples of n—r of them 


6.33. It follows from the definition of a fundamental set and 
from §§6.31 and 6.32 that a fundamental set must contain n—r 
solutions. 


6,4. Proof of statements made in §6.1 {conHnued) 
6.41. If [Cj.;.] is a non-singular, matrix of order n—r, 
is the solution of (7) obtained by taking the values 


104 THE RANK OF A MATRIX 

then, by what we have proved in §6.2, 

x; = (» = i=-> 

' ■ &'==! . ■ 

On solving these equations (Chaj). VII, §3.1), w^e get 


( 11 ) 


where [y,-/,] is tlie reciprocal of 

Hence, by (10), every solution of (7) may be wnitten in the 

form n-r n-r 

X — 2 ^ yiJe X/. 

i=X 


&==lH=5l ' 


Moreover, it is not possible to express any one as a sum 
of multiples of the remainder. For if it were, (11) w-ould give 
equations of the formf 

and these equations, by the argument of §6.31, would imply 
that one X,: could be expressed as a sum of multiples of the 
others. 

Hence the solutions X'^ form a fundamental set. 

6.42. If is a singular matrix of order n~r, then, with 
a suitable labeling of its elements, there are constants sucb 
that p 

{k ■-= I,..; n—T)y 


where p is the rank of the matrix, and so p < n—r. 
.Buti by (10), 

x ;45 =Y^*e.A (9 = 1 .-- 


and 


n-r 


2 ^sk^k ~ P^‘ 

k=i 


t Wo have supposed tho solutions to bo labelled so that "S-fi—r 6*^ wiitten 
as a .suni of multiples of tho rest. 
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Hence there is an equation 

. iS ,X 

and so the X- oaiinot form a fundaniental set of solutions. 

6.5. A set of solutions such that no one can be expressed 
as a sum of multiples of the others is said to be lineaely 

TKDETENDENT. 

By what we have proved in §§ 6.41 and 6.425 a set of solutions 
that is derived from a non-singular matrix is linearly 
independent and a set of solutions that is derived from a singu- 
lar matrix jc,-;.] is not linearly independent. 

Accordingly, if a set of ■/?.-— f solutions is linearly independent, 
it must be derived from a non-singular matrix [c,-/..] and so, by 
§6.41, suc;h a set of solutions is a fundamental set. 

Hencic, any linearly indei^endent set of n—r solutions is a 
fmidamenial set. 

Moreover, any set of n~r solutions that is not linearly in- 
dependenl is not a fundamental set. for it must be derived from 
a singular matrix 

Examples IX 

Devices to reduce the calculations when finding the rank of a 
matrix 

1 . Prove that the rank of a matrix is unaltered by any of the following 
changes in ihc (4ements of tl'.e matrix; 

(i) the interchange; of two rows (columns), 

(ii) the multiplication of a. row (column) by a non-zero constant, 

(iii) tlio addition of any two row's. 

Hixt. Finding tla' rank di'pends upon showing which minors of tho 
matrix a)'i' non-zero detiTininants. Or, more compactly, use Examples 
VH, 1.8-20, and Theorem 34 of Chapter IX. 

2. When every rninc>r of of order r-j- 1 that contains tlu; fir.st 
r rows and r columns is zero, jjrove that there arc eonstant.s Ap; .such 
tliat tho /ctli row of is given by 

r 

Pic — X 

Prove (by the method of § 3.2. or otlierwise) that every minor of pp;/} 
of order r+1 is then zero. 

4709 


H 
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3. By using Example 2, prove that if a minor of order r is non-zero 
and if every minor obtained by bordering it with the elements from an 
arbitrary column and an arbitrary row are zero, then the rank of the 
matrix is r. 

4. Rule for symmetric square matrices. If a principal minor of 
ordtJi* r is non-zero and all principal minors of order r ~\- 1 are zero, then 
the rank of the matrix is r. (See p. 108.) 

Prove the rule by establishing the following results for 

(i) If Ajjfc denotes the co-factor of in 


then AssAit—Atn Agi ~ MG, wheve, M is the complementary minor of 
in C (Theorem 18). 

(ii) If every G — 0 and every corresponding — 0, tlion every 
Agt ~ Atg ~ 0 and (Example 2) every mmor of the complete matrix 
[a.j-j,] of order r-j- 1 is zero. 

(iii) If all principal minors of orders r-f 1 and r-|-2 are zero, then, the 
rank is r or less. (May be pi'oyed by induction.) 


Numerical examples 

5. Find the ranks of the matrices 


Geometrical applications 

6, The homogeneous coordinates of a point in a plane ai'o {x,y,z) 
Prove that the throe points (a:^, y^., zA, r — 1, 2, 3, are collinear or noxi’ 
collincar according as the rank of the matrix 
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7. The coordinates, of an arbitrary point can be written (with the 
notatioji of Example 6) in the form 


provided that tho points 1, 2, 3 are not eollinear. 

Consider the matrix of 4 rows and 3 columns and use 
Theorem 31., 

8. tJive the analogues of Examples 6 and 7 for the homogeneous 
coordimues (x, y, 3, w) of a point in three-dimensional space. 

9. The configuration of three planes in space, whose cartesian equa- 
tions are. ' ■ , I. ■/• 1 0\ ■ 

anX+ai^y-i-ihs^ ~ h (* ~ 1. 2, 3), 

is dotormined by the ranlts of the matrices A ss [a,yj and the augmented 
matrix B (§4.1). Check the following results. 

(i) Wiien 0, the rank of A is 3 and the three planes meet in 

a finite point. 

(ii) When the rank of A. is 2 and the rank of B is 3, the planes liave 
no finite point of intersection. 

The planes are all parallel only if every A^^ is zero, when the rank 
of A is 1. When the rank of A is 2, 

cither (a) no two planes are parallel, 

or (6) two are parallel and the third not. 

Since [aj^[ = 0, 


(Theorem 12), and if the pianos 2 and 3 intersect, their line of inter- 
section has direction cosiue.s proportional to A^, A^^, A13. Hence in 
(a) the pianos meet in three parallel line.s and in (&) the third plane 
meets the two parallel planes in a pair of parallel lines. 

The configuration is three planes forming a triangular prism; as a 
special case, two faces of the prism may be parallel. 

(iii) When the rank of A is 2 and the rank of B is 2, one eqitatioir 
is a sum of multi j)Ies of the other two. The pianos given by these two 
equations are not parallel (or the rank of A would be 1), and so the 
configm'ation is three planes having a common line of intersection . 

(iv) 'When the rank of A is 1 and the rank of B is 2, the three planes 

are parallel. . . ' . . 

(v) Wimn the rank of A is 1 and the rank of B is 1, all three equa- 
tions represent one and the same plane. ; ■ _ 
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10. Provo that the rectangular cartesian coordinates (A'l, Ao, A^j) oi" 
the orthogonal projection of {x^, x^, x^} on a line through the origin having 
direction cosuxes (l^, L, 1^) are given by 


A..=. 


h h 

hh 

X 


hh 

U 

hh 



-hh 

hh 

hi 



where X, x are single column matrices. 

11. Jf L denotes the matrix in Example 10, and M dcnc-'tes a corre- 
sponding m matrix, show that 

^ L and -- M 

and that the point (L-j-M}x is the projection of x on a line in the piano 
of the lines I and m if and only if I and are perpendicular. 

Note. A ‘principal minor’ is obtained by deleting corresponding rows 
and columns. 


CHAPTER IX 

BETERMIHAHTS. ASSOGIATED -WITH MATRICES, : 

,1. Ttie'ranfc of a product of matrices 

1.1. Suitpose that A is a niatrix of % columns, and S a matrix 
of rows, so that the produot AR can be formed. When J has 
7', rows and 5 has columns, the ptroduct A.B lias rows 
and. coin mils. 

If /i,/. are typical elements of A, R, 

n 

^'■ik “ 'E, %}^jk 
3-1 . ■ 

is a. typical element of AR. 

Any ^-rowed minor of Aj 5 may, with a suitable labelling of 
the elements, be denoted by 


Cii 

Cj 2 . 


<^'21 

Cgg • 

* % 

% 


• Hi 


When t=^n (this assumes that % ^ Tig > 71 ), A is the 
product by rows of the two determinants 


«n • 

• ^In j 

J. . ; ■ j 


■ Ki 

®?ii ■ 




}■ Am 


that is, A is the product of a Prowed minor of A by a i-rowed 
minor of i?. 

Wlicn t ^ n, A is the product by rows of the two arrays 
^11 : ^11 • • ^nl 

^hl • • ^in • • ^nt 

Hence (Theorem 15), wlien ^ > n, A is zero; and when t < T^, 
A is the sum of all the xiroducts of corresponding determinants 
of order i that can be formed from the two arrays (Theorem 14). 

Hence eveiy minor of AH of order greater than 7i is zero, 'and 
every minor of order t < 7i is the sum of products of a i-rowed 
minor of A by a ^-rowed minor of 2?. 
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Accordingly, 

Theorem 33. The rank of a product AB cannot exceed the 
rank of either factor. 

For, by wliat we have shown, (i) every minor of AB with 
more than n rows is zero, and the ranks of A and B cannot 
exceed 7i, (ii) every minor of A B of order t < n is the product 
or the Slim of products of minors of A and B of order t. If all 
the minors of A or if all the minors of B of order r arc zero, 
then so are all minors of A B of order r. 

1 .2. There is one type of multiplication which gives a theorem 
of "a more precise character. 

Theorem 34. If A has m rows and n coliarms and B is a non- 
singular square matrix of oyder n, then A and AB have the sanie 
rank; and if 0 is a Qwn-smgular square matrix of order m, theii 
A and CA have the same rank. 

If the rank of A is r and the rank of AB is p, then p < r. 
But A = AB.B-^ and so r, the rank of A, cannot exceed p and 
n, which are the ranks of the factors AB and B"^. Hence p = r. 

The proof for GA is similar. 

2. The characteristic equation; latent roots 

2.1. Associated with evm?- square matrix A of order n is the 
matrix A— XI, where I is the unit matrix of order n and A is 
any number, real or complex. In full, this matrix is 


The determinant of this matrix is of the form 

/(A) = (_i)n(A«+^3iA»~i+...+jpJ, (1) 

■where the p.^ are polynomials in the eleinents The roots 
of the equation /(A) as; 0, that is, of 

■ - jA-A/j = 0, (2) 

are called the latent boots of the matrix A and the equation 
itself is called the chabactebistic equation of A. 
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2.2. Theoeem 35. Every square matrix satisfies its oim 
characteristic equation; that is, if 

\A-M\ - 

then ~ 

Tlie adjoint matrix of Af, say B, is a matrix M’-hose ele- 
jnents are poljniomials in A of degree n—l or less, the eoefti- 
cients of the various powers of A being xxdynomials in the 
Snob a matrix can be written as 

where the By are matrices whose elements are polynomials in 
the afj,. 

.Now, by Theorem 24, the product of a matrix by its ad- 
joint == determinant of the matrix X unit matrix. Hence 

{A~X1)B^. \A~XI\xI 

on using the notation of (1). Since B is given by (3), we have 
(.i-A/)(5o+^iAd-...-}-J5,,_2A«-2+.B,,.3,A’^--i) 

This equation is true for all values of A and we may therefore 
equate coefficients^ of A; this gives us 

(-!)«/ 


t We may regard the equation as the conspectus of the n® equations 

(a,,-AS;,){6|f + ... + 5r“A«-^) 

= {-l)«{A«f PiA«-M-...+i7„)6« {i, k = 1 ,..., n), 

so that the equating of coefficients is really the ordinary algebraical procedure 
of equating coefficients, but doing it ii® times for each power of A. 
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Hence ^•\'c have 

A^-\-2h A - +P»-i A -\-Pn I 

= /+...+-4 .]?n-ll+7^n I 

+H( — B(;^-\~jlB-^)-{~A B^] 

= 0. 

2.3, If Ap Ao,..., A„, are the latent roots of the matrix A, so 
|.4-Ai| = (-1)”(A-AJ(A-A,)...{A-A„) 

= (-])"(A‘'+;>iA"-H-+j>„), 

it follows that (Exainjhe 13, p. SI), 

{L4-Ai/){.4-A,/)...(J[~-A,i) = A^^+7hA^'-^+...+p,J = 0. 

It does not follo-w that any one of the matrices ^I—A^ I is the 
zero matrix. 

3. A theoi’em on determinants and latent roots 

3.1. Theorem SG. If g{t) is a polynomial in t, and A is a 
square matrix, then the determinant of the matrix g{A) is equal to 
lU product 

where Aj, Ao,..., A,j are the latent roots of A. 

Let 

so that ff(A) = c(A—fj^I)...(A~t^^I). 

Then, by Chapter VI, § 10, 

= n (A,-;,)-, n (^-‘j 

r — 1 ■ ■ . r?=l '■ 

=nff(u 

7 ’«=' 1 

The theoi-em also holds when q(A) is a rational function 
gf^A)/g^{A) provided that g^fiA) is non-singular. 

3.2. Further, let gi{A) and g^{A) be two polynomials in the 
matrix A, g^iA) being non-singular. Then the matrix 

{A?2(-4)-?i(^)}/6'2(4), 


that is 
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is a rational function of A. ■with a non-singnlar denominator 
Applying the theorem to this function we obtain, on 
■writing <j^{A)lg.Ul) — g{A), 

lA/---r/(.l)|==n{A--.7(A.)}. 

3‘>oni this foliuvs’s an important result: 

Theorem 36. Coeollaey. 7/ Aj,..., are tM latent roots of 
the nialrix H a:nd g{A) is of the form gi{A)fg^), where g^, ««• 

'pohjTioniials and gf A) is non-singular, the latent roots of the 
■nuitrix g{A) are givm by giXf). 

4. Equivalent matrices 

4.1. Elementary transformations of a matrix to stan- 
dard form. 

DErmiTiO’x 18, The et;emextary of a 

matrix are 

(i) the hitercha^ge of tiw rows or cdlwirviisf 

(ii) the muUiplicatio7i cf each elmiertt of a row {or column) by 
a constant other than zero, 

{m) the addition to the elements of one row {or cohnmi) qf a 
co7ista7it 7mdtvph of the elements of anothef row {or cohmm). 

Let *4 be a matrix of rank r. Then, as -we shall prove, it can 
be ciiangecl by elementary transformations into a matrix of tlie 
form 


I 

0 

. (1 

0 


•where T denotes the 'unit matrix of order r and the zeros denote 
iiiiJi matrices, in general rectangular. 

In tfie. first •j>iaee,'j' elementary trai us format ions of typo (i) 
i-eplacc ^4 by a matrix sin.ii that the minor formed ])y the 
(‘lements (iommon to its first r rows and r columns is not equal 
to zero. Next, wc can express any other row of .4 as a sum of 
multiples of tliese r rows: subtraction of these multiples of the 
r T-ows from the row in question will therefore give a ro-w of 
zeros. These transformations, of f-ypo (iii), leave the rank of tlie 

i' The argument that follows is basetl ou'Chaptor VHI, §3. 




I 







UBilARY 


•; 
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matrix unaltered (of. Examples IX, 1) and the matrix now 
before us is of the form 


where P denotes a matrix, of r rows and columns, such that 
|P| 0, and the zeros denote null matrices. 

By: working with columns where before we worked with rows, 
this can be transformed by elementary transformations, of type 
{hi), to r P [ 0 1 


Finally, suppose P is, in full, 


Then, again by elementary transformations of types (i) and 
(iii), P can be changed successively to 


and so, step by step, to a matrix having zeros in all places other 
than the principal diagonal and non-zerosf in that diagonal. 

A final series of elementary transformations, of type (ii), 
presents us with J, the unit matrix of order r. 

4.2* As Examples VII, X8--20, show, the transformations 
envisaged in §4.1 can be performed by x)re- and post-multiplioa- 
tion of A by non-singular matrices. Hence we have proved that 

t If a diagonal element 'were zero the rank of F would be less than r-. all 
those transformations leave the rank unaltered. 


p 


0 

0 , 


r p . 

, 

0 ■ 

L 0 

6 ". 
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when A is a matrix of ranh r, there are non-singular matrices 
JB and 0 such that S4,C = I\ 

where 1'^ denotes ike unit matrix of order r bordered, by null 
matrices. 

4.3. Definitiok- 19. Two matrices am equivalent if it is 
possible to pass from one to the other by a cJiain of elementary 
transformations. 

If and A 2 are equivalent, they have tlie same rank and 
there are non-singular matrices G^, Q that 

1;-= iJoJgOV 

From this it follows that 

At, = 

la^ai, 

say, wiiore L — Bp'^B^ and so is non -singular, and ilf = 
and is also non-singular. 

Accordingly, when t %¥0 matrices are equivalent each can be 
obtained from the other through pre- and post-multiplication 
by non-singular matrices. 

Conversely, if A^ is of rank r, L and M are non-singular 


matrices, and 


A-t = LAciHi', 


then, as we shall prove, we can pass from A^ to A^, or from 
J-i to A^, by elementary transformations. Both A^ and A^ are 
of rank r (Theorem 34). We can, as we saw in §4.1, pass from 
A 2 to by elementary transformations; we can pass from. 

to By by elementary transformations and so, by using the inverse 
operations, we can pass from By to A^ by elementary trans- 
formations. Hence we can pass from A 3 to Ay or from Aj^ to 
Ag, by elementary transformations. 

4.4. The detailed study of equivalent matrices is of funda- 
mental importance in the more advanced theory. Here we 
have done no more than outline some of the immediate con- 
sequences of the defiiiitio.n.f 

t The reader wlio intends to pursue the siibject seriously should consult 
H. W. Tm'nbull and A. C. Aitkon, An Introduction to the Theory of Canonical 
Matrices (London and Glasgow, 1932). 


















CHAPTEB X 

ALGEBRATO FORMS: LINEAR TRANSFORMATIONS 


1. Number fields 

We recall the deliiiitiuTi of a number field given in the pro- 
liminaiy note. 

Decinition' ]. A set of ^lumbers, real or complex, is called 
a HELD of ■numbers, or a ■number field, when, if r and s belong 
to (he set and s -Is not zero, 

^+^9, r—s, rxs, r-p-s 
also belong to the set. 

Typical examples of number fields are 

(i) the field of all rational real numbers say); 

(ii) the field of all real numbers; 

(hi) the field of all numbers of the form. <2-f-6vo, where a and 
b are rational real numbers; 

(iv) fclie field of ail complex numbers. 

Every number field must contain each and every number 
that is contained in (example (i) above); it must contain 1, 
since it contains the quotient aja,, where a is any number of 
the set: it must contain 0, 2, and every intege.!', since it contains 
the difference 1 — 1, the sum Ifi-l, and so on; it miist contain 
every fraction, since it contains the quotient of any one integer 
by another. 

2. Linear and quadratic forms 

2 . 1 . Let be any field of numbers and let b.^p.„ be deter- 
minate numbers of the field; that is, we suppose their values 
to be fixed. Let x,., y,.,... denote numbers that are not to he 
thought of as fixed, but as free to be any, arbitrary, numbers 
from a field 3^^, not necessarily the same as The numbers 
a^j, we call constants in g; the symbols x,., y,.,.., we call 

VARIABLES ill 

An expression such as 
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is said to be a linear form in tbe variables xf, an expression 
such as m n 

1 (2) 

■■ ■ 

is said to bo a bilinear form in the variables X; and i/j ; an 
expression snob as 

i (2) 

■ V,-l J==:l 

is said to be a qtjadratic form in the variables x^. In each 
case, when wc wish to stj-css 1 he fact that the constants a- 
belong to a certain field, 5 say, we refer to the form as one 
with coefficients in 

A form in which the variables are necessarilj? real numbers 
is said to be a ‘form in real variables’; one in ^vliicli botli 
coefficients and variables are necessarily real nimibers is said 
to be a ‘real form’. 

2.2. It should be noticed that the term ‘quadratic form’ is 
used of (3) only when This restriction of usage is 

dictated by exjierience, which shows that the consequent theory 
is more compact when such a restriction is imposed. 

The restriction is, however, more apjiarent than real: for an 
expression such a.s ^ 

t==X3~l 

wliercin /j,.y is not always the same as is identical with the 
quadratic form „ 


wlien we define the «-’s by means of the equations 

For example, is a quadratic form in llie two 

variables x and y, having coefficients - 






2.3. Matrices associated wdth linear and quadratic 
forms. The symmetrical square matrix A liaving 
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in ils /tit row unci jth cjulumn, is asssociated with the quadratic 
ionn i^i): it iw i^ynmietriciul because and so A ~ A\ 

llu' Ir.'iiispose ot 

In the seqncd it will frequently be necessary to bear in mind 
that the matrix associated witli any quadratic form is a sym- 
metrical matrix. 

We abo upsociatc witli the bilinear form (2) the matrix [aA 
of ?i! rows and n columns; and with t.he linear form (1) we 
associate ti»o single-row matrix IMcwe generally, 

wc* as.sociatci with the m linear forms 

. n 

(^==1v-mW) (4) 

the matrix [Vq-J of w?, rows and n cohimus. 

2.4. Notation. We. denote the associated matrix [rq-j] of any 
one of (2), (3), or (4) by the single letter -4. Wo may then 
conveniently a bbreviate 

the bilinear form (2) to A{x,y),'" 
the quadratic form (3) to A{x, x), 
and the in linear forms (4) to Ax. 

The first two of these are merely sbortliand notations; tlie tldrd, 
though it also can bo so regarded, is better envisaged as tlie 
])rodiict uf the matrix A by the matrix .r, a single-ro/z/ary^ matrix 
having uq,..., aqas elements: the matrix product which lias 
as many rows as A and as many columns as .r, is then a single- 
cohumi , matrix of m rows having the ni linear forms as its 
elements. 

2.5. Matrix expreSvSions for quadratic and bilinear 

forms. As in §2.4, let x dciifdo a single-column matrix with 
elements ‘Wd transpose of x, is a single-row 

matrix with elements uq,..., aq. 

Let A dtmole the matrix of tiio quadratic form a^sX^Xg. 
Then Ax is the single-column matrix having 

as the element in its rth row, and x'Ax is a matrix of one row 
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(the number of rows of x') aud one column (the number of 
columns of ^4a;), the single element being 

r^l r = l s = l 

Thus the c(uadratic form, is represented by the single-element 
matrix x'A-x. 

Similarly, when x and y are siiigle-colunin matrices having 
.Ui,..,, a:„, and as row elements, the bilinear form (2) is 

represented by t,he single-element matrix x’Ay. 

2.6. Definition 2. The discriminant of the quadratic form 

. n 71 

i~l 3=1 

is the determinant of its coefficients, namely 

3. Linear transformations 

3.1. The set of equations 

n 

= 2 ^ij^3 (^) 

/==! 

wliercin the are given constants and the Xj are variables, is 
said to be a linear transformation connecting the variables and 
the variables X^. When the are constants in a given field g 
w'e say that the transformation has coeificients in when the 
a^j are real numbers we say that the transformation is real. 

Definition 3. The determinant \a^f, ichose elements are the 
coefficie7its a-fj of the transformatio7i (1), is called the moddlus of 
THE TBANSFOEMATION. 

Definition 4. A transformation is said to be non-stnoular, 
whe7i its modulus is not zero, aiid is said to be singular when 
Us modulus is zero. 

We sometimes sjieak of (1) as a transformation from the 
Xi to the ; or, briefly, x X, 

3.2. The transformation (1) is most conveniently written as 

X = Ax, (2) 

a matrix equation in- vidiioii X and x denote single- column 
matrices with elements Xj,„., X^^ and x^^ respectively, 
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A deiiotf's the matrix and Ax denotes the product of the 
two matrices and a;. 

Wheii -4 is a iiiatxix, it has ft reci^^^ A~'^ 

(Chap. VII, §3)a.nd 

.4 -EY =■= d“Ela: -= at, (3) 

which expresses x dh’eetly in terms of X. Also ^ A, 

and 80 , M'ith a non-singular transformation, it is immaterial 
whetlier it b(3 given, in iJie foian x -> X or in the form X x. 
MoreovcM*. vlien X vLr, given any X whatsoever, there is one 
and only one corresponding at, and it is given by x == d-^X. 

Wlien A is a singular matrix, there are X for ydrioh no corre- 
sponding X can, be defined, l^or in such a- case, r, the rank of 
the matrix J., is less than n, and we can select r rows of A and 
express every row as a sum of multiples of these rows (Theorem 
31). Thus, the rows being suitably numbered, (1) gives relations 

2 hi h'- == ?*+ l.-v ■»>)> (4) 

i = l 

wherein the are constants, and so the set Xi,..., X.^.^ is limited 
to such sets as will satisfy (4): a set of X that does not satisfy 
(4) will give no corresponding set of x, iFor example, in i,he 
linear transforma tion 

X = 2r-i-ay, r 4r-h6y, 

which has tlie singular matrix the pair X, Y must satisfy 

the rclaliou ‘2X Y; for any pair X, T that does not satisfy 
this relation, there is no eorresponding pair x, y. 

3.3. The product of two transformations. Let x, y, z Ije 
‘'niuuhcnt' (Chap. Ad, §1), each with n components, and let all 
sulllxes be imderstood to rim from 1 to n. Use tlie suinination 
convention. Tluni the transformation • 

(i) 

may be wTitten as a matri,x equation x = Ay (§3.2), and the 

transformation , ■ 

Vi 

may be written as a matrix equation y ■= Bz. ' - ' , 
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and, since both i and j are dummievS, 

which is the same sum as or Thus (6) is a. quachatic 

form, having Cj^i ~ Cu^.. 

4.2. Theorem 38. If tramforynations x = OX, y ~ BY am 
applied to a hiliiimp form A{;x,y), the result is a bilinear form 
1){X,Y) whose matrix I) is given by 

D = CAB, 

where C is the transpose of 0. 

First proof. As in the first i)roof of Theorem 37, we write 
the bilinear form as a matrix product, nameiy x'Ay. It follows 
at once, since x’ — X'C, that 

x'Ay = X'G'ABY = X'UY, 
where D - C'AB. 

4.3. Seco7id proof . This proof is given chiefly to show how 
much detail is avoided by the use of matrices; it -will also serve 
as a proof in the most elementary form obtainable. 

The bilinear form 

Vi n 
i = -l F--=l 

may be written as 

7n n 

A{x,y) = l^Xi, == 2 a^jyj. 

1=1 j -1 

Transform the y’s by putting 

n 

9 ?. n 

so that k = l%-lhJk> 

3-1 

m n / n \ 

and (2) 

The matrix of this bilinear form in x and T has for its element 
in the ^th row and jfcth column 

This matrix is therefore AB, where A is and B is 
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ivhose modulus, that is, the determinant is equal to M; let 
the resulting quadratic form be 


Then the discriminant of {2) is times the discriminant of (I) 
in symbols l^..l = wai„..l 


Tlie content of this theorem is usefully abbreviated to the 
statement ‘when a qitadkatic form is changed to new 

VARIABLES, THE DISCRIMINANT IS MULTIPLIED BY THE SQUARE 
OF THE MODULUS OP THE TRANSFORMATION’. 

The result is an immediate corollary of Theorem 37. By that 
theorem, the matrix of the form (2) is G = L'AL, where L is 
the matrix of the transformation. The discriminant of (2), that 
is, the determinant ICj, is given (Chap. VI, § 10) by the product 
of the three determinants \L’\, jM], and \L\, 

But \L\ — M, and since the value of a determinant is 
unaltered when rows and columns are interchanged, \L'\ is 
also equal to M. Hence 


This theorem is of fundamental importance ; it ivill be used 
many times in the chapters that follow. 

5. Hermitian forms 

5.1, In its most common interpretation a hermitian bi- 
linear FORM is given by 


wherein the coefiidents belong to the field of complex num- 
bers and are such that 


The bar denotes, as in the theory of the complex variable, the 
conjugate complex; that is, if s " a+ijS, where a and are real, 
then z = 06 — iB. 
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The matrix A of the coeifi dents of the form ( 1 ) satislies the 
eondition 4^ ™ J on 


is said to bo a iiehmitian 


is said to bo a kkrmitiax form. 

The theory of tliese ibrnis is very similar to tliat of oi’diiiary 
bilinear and (juadratic forms. Theorems concerning Hormitian 
foriu.s a])[)ear as exain])les at the end of tJiis and later chapters. 

6 . Goj^redient and contragredient sets 
6 . 1 . When two sots of variables and j/i,..., y,^ are 

related to two other sets X„ and Tj,..., T,,, by the same 

transformation, say 

X — A.X, y = AY, 

then the two sets x and y (equally, X and Y) are said to be 
cogredient sets of variables. 

If a set is related to a set Z„ by a transforma- 

tion whose matrix is the reciprocal of the transpiose of A , that is, 
iA')-^Z, or Z-^A% 

then the sets x and s (equally, X and Z) are said to be contra- 
gredient sets of variables. 

Exanqdes of cogredient sets readily occur, A transformation 
in plane analytical geometry from one triangle of reference to 
another is of the type 

X — l^XA-i^iY-hi^iZ, 1 
y==kX+7n,Y+n,Z, (]) 

z = l^X+m^Y-{^n^Z. J 

The sets of variables {x-^,y^,z^) and (0^2,2/3,22)5 regarded as the 
coordinates of two distitict points, are cogredient sets: the 
coordinates of the two points referred to the new triangle 
of reference are (Xx, 7 x, Xj) and (Xg, Y^, Z^, and each is 
obtained putting in the appropriate suffix in the equa- 
tions (I)-. . 
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Analytical geometry also furnishes an important example of 
contragredient sots. Let 

lx-±my^nz = 0 ( 2 ) 

be regarded as the equation of a given line a In a, system of 
homogeneous point-coordinates {x-, y, z) Tvith respect to a given 
triangle of reference. Then the line (tangential) coordimites of 
a are (I, m, n). Take a new triangle of i-eference and siqipose 
that (1) is the transformation for the point-coordinates. Then 
(2) becomes LX-\~MY-\-NZ - 0, 

where L 1 

M (3) 

The matrix of the coefficients of I, m, n in (3) is the trarrspose 

of the matrix of the coefficients of X, Y, .2 in (1). Hence point- 
coordinates (x, y, z) and line-coordinates ()!, ni, n) arc eontra- 
grediciit variables when the triangle of reference is changed. 
[Notice that (1) is X, Y, Z->x, y, z whilst (3) is I, ■?/?., 7i~> 
L, M, iY.] 

The notation of the foregoing becomes more comx')a.ct wdien 
we consider n dimensions, a point x wdth coordinates .r„), 

and a ‘flat’ I with coordinates 2„). The transformation 

X ~ AX of the point-coordinates entails the transformation 
L -- A' I of the tangential coordinates. 

6.2. Another example of contragredient sets, one that con- 
tains the previous example as a particular case, is provided by 
differential operators. Let be expressed as a fuiic- 

tion of Xi,..., X,^ by means of the transformation x = AX, 
wliere A denotes the matrix [a.y]. Then 

dX^' 2i(dx^8X.i 

That is to say, in matrix form, if a; — AX, 


Accordingly, the and the bjdxi form contragredient sets 


.M.<n-:BKArc Foiors: j.infah T^A^’sF{>R^^AT[OKs 


i:u 


• 7 . 'Tlie cliaracteristic equation of . a transfoTmation' 
7.1. CojLsider the transforniatioi) X ~~ ..4a; or, in full, 




(y; ]. 


n). 


( 1 ) 


Is it j'Ksssil.'Ie to assign values to the variables a: 
X- -- -■■■ Xx- (i y^), where A is independent <>f y? 

a- result is to hold, we must have 


A;r,. -- {i 1 ,..., 7i), 

■ ■ A=1 


and this demands (Theorem 11), when one of 1;^,..., 
from zero, that A be a root of the equation 

.4,(A) 


so that 
If such 


( 2 ) 

differs 


©n-A 

®12 

A . 

• ^l7l 

ihn 

. 

= 0. 

(3) 


^n2 





This equation is called tlie gharactebistio equation of the 
transformation (1) ; any root of the equation is called a charac- 
TERiSTio NUiuBER or a LATENT ROOT of the transformation. 

If A is a characteiistic number, there is a set of numbers 
aq,..., not ail zero (Theorem li), that satisf3^ equations (2). 
Let A — Aj, a characteristic number. If the determinant J.(^i) 
is of rank (yy — l), there is a unique corresponding set of ratios, 

( 1 ) , ( 1 ) . . ( 1 ) 

“‘'l • ‘^2 > 

that satisfies (2). If the rank of the determinant x4(A2) is 7 l— 2 
or less, the set of ratios is not unique (Chap. VIII, §5). 

A set of ratios that satisfies (2) when A is equal to a c'harac- 
tcristic number A,., is called a pole corresponding to X^. 

7.2. If (aq,a:2, aTg) and (XjjXjjX-j) are homogeneous co- 
oi'dinates refeixed to a given triai}gle of reference in a plane, 
then (3), with 1A{ ■•;/= 0, maj- be regarded as a method of 
generating a one-to-one correspondence between the variable 
point (x^xh^^s) tlio variable point (Xj, X2, X3). A pole 
of the transformation is then a point w-Iiich corresponds to 
itself. 




Mg 
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We Rhali not elaborate tlie geometrieai ini])lieatioi)st <»f HUch 
transformations; a few examples are given on tiie next ])agc. 


Examples X 

L Provo that, all luimhers of tho form o-|-t\'3, M'hore a and h aru 
inti’gfTS (or zero), constitute a ring; and tliat all uuiivhers of tho lui'rn 
whore a and b are the ratios of integers (or zero) constitute a 

.field. ' : 

2. Express aa;"-[ 2 hxy-{-hi/“ as a quadratic form (in ar-eordanot* with 
the definition of § 2.1) and show that its di.soriminani is nh— Ir (§2,(!). 

3. Write down the transformation, whicdi is the prodiud’. of the two 
transformations 

.r ^ = XiX+HiY+v-^Z \ 

y — /o|^-j-?n.2 7^-f??aC |, t] — XzX-\- ( jl^Y-\-VzX 1. 

2: ===- hi-l-nisV+'^hi J X3X-i-ixsY-^v.^Z j 

4. Prove that, in solid geometry, if ii, ji,ki and 3^, k; are two unit 
frames of reference for cartesian coordinates atrd if, for r = I, 2, 

A J;. ^ kj., 3r A ky ^ k.y. /\ ij. = 3,., 
then the transformation of coordinates has imit modulus, 

[Omit if the vector notation is not laiown,] 

5. Verify Theorem 37, when the original quadratic form is 

ax^-\- 2 hxy-{-by^ 

and the transformation is a; == ZiV+?r?iF, y — /g'N+WaF, by actual 
substitution on the one hand and the evaluation of the matrix product 
{B'AB of tlie theorem) on the other. 

6. Verify Theorem 38, by the metliod of Exanijilo G, wlieu tho 
bilinear form is 

«n 2/1 +«fi2 2/2 +<?2i ^'2 2/1 +a22 a’2 2/2- 

7- Tho homogeneous coordinates of the points D, E, F referred to 
ABC as triangle of reference arc (a”t,?/i,3i), {x^,y^,z^), and (.'^3, 7/3,23). 
Prove that, if (f,m,n) are linC'COordinate.s referred to ABC and 
(L, II, N) are lino-coordinates referred to DE F, then 

M ^ X^L + XsM+X^N, etc,, 

where A is the determinant and X^,... arc tho oo-fuctors of 

3;,.,.,, in A. 

Hint. First obtain the transformation x, y, z — > V, Y, Z and then 
use § 6.1. 

t Of. R. M. Wingor, An Introduction to Frojective Oeomclry (New York, 
1922), or, for homogeneous coordinates In three dimensions, G. Lurboux, 
Principes de geometrie analyliqm (Oauthier-Villars, Paris, 19J 7). 
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8. In thn triiU'toi'iuai i(»n X ~~ /ir, ntnv varialjlcr* V and )/. (i<‘linccl i;y 
y Lie, Y nX 

avc- inii’odueod. F’rovt: that- tlio tninsformatiun Y-'-y is. givau by 
>•' Cy, C ]iA 1J~^. 

1-t. Till' lrun.sfnrinnti(ni.s .r BX, y ---- JiY (.‘liangi' tho Hoi’initianf 
-- A) intna,; A'.;}}. Prove thafi 

C D'A Tl (}' ----- B'A O? --- O. 

10. Prove- that i ho transi’onnntion ,r — B2\, togc'tlior with its oonju- 
gato c.ongjlox .i: - - rPY. eluuigvs iVjyO; erj (.-P -- /I) into C;,- A"^- A’,- {(A ---- C), 
when* (' -■-■ JAA B. 

Jl. 'Pho olornonts of tlio rnatrioos A and 1:1 lu-long to a given lioid 
Provo ilsa.t, if iho oiunelratic foriu .-Ip',.!’) is ti'an.sforjiiod by tlu’ nou- 
singular trnrisft,)nji.atiojti x BX (or by .Y -- Bx) iiito C(A’, A), then 
ovi-ry ooofliniont of G belongs to 

J 2. .Prcjve that, if o.icl) ;?> denotos a c-oinplex variable aiid a,.,., are com- 
plex inm ! hens snob t bar r/„, — <s -= tlic Jierinitian 

funn is a real number, 

[ExanijAes ! H-l 6 are geometrical in character. 

13. .Prove that, if the points in a plane are transformed by the 
scheme 

x' = a-i^xA-h-iijA-c^z, y' a^.x+h^yA-c^z, - ■ 

Y a,iX+hsy-\-c^z, 

then every straight line transforms into a stnxight line. Prove also that 
thert! are in general three points tliat are trans,fornied into themselves 
and lines that are traitsforined into themselves. 

Firul tlK‘ C'(jT!<litions to Ijc satisfied by the coellicionts in order that 
c\'ery pi^int on a gi\"en lino insjy ).)o tran.slonnefl into itself. 

14. iSliow thfit the transformation of Exanp.ih' 13 <‘au, in general, by a 
ebaiigr.- (jf triangle of n.-feiv-uce he reduced to the form 

A' -- ,-.vAY Y' ^Y, Z' -- yZ. 

1 feiK’e, or otherwise, sljow that tra.usrorraat ion is a homology (plane 
p('r-.].a'etive, ex'lliin -at ion) il'a value of A can be found which will make 

u^—A 6j cy 

Ug 6., - A ty 

f/g Cg A 

of ntnk one. 

'JlnsT. When tlie di'tenninant is of rank one there: is a line I such that 
every ] )uint oi i t corves} )onds to it s<;lf. In such a oa.se atiy two corre.sponcl - 
ing line.s must intf'rseet on L 


I The .sttrninat ion cran-ontiun is ('miAoyed in Examples 0, 10, and 12. 
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16. Obtain the equalions giving, in two diineu^jions, tiie iioniology 
(collineation, piano porsj)octive) in whieli the point is rlio 

centre anil the line the axis of the lioinology. 

iO. Points in a i^lane are tran.sfornxed by tho sehenie 
x' — - px’+a(A;c-i-/<.^ -j-r-), 

z' ~pz-{-y{Xii'-\-iiy-rvz). 

Find tiio points and lines that are transformed into themsol\-e.s. 

Show also that the transformation is involutory (i.e, two applioal itniis 
of it restore a figure to its original position.) if and only if 
2p-f oiA+^ja+yr = 0. 

[Romember that {kx', ky', kz') is the same point as {x’, y',z').] 


CHAPTER XI 


THE POSITIVE-DEFINITE FORM 

1. Defimte real forms 

tJ, 'Defjnitlo]n' f). The mil quadratic fortn- 

1 = 

i-- i j-i 

8ai(i to he pOrtiTJVE-DFiaNiTiii if it is posUk'e fur creri/ set of 
real values of x„ other flam the set ~ x.^ ~ ... — ~ 0. 

It is said to be N.EGATTVE-DEriN'iTE if it is negative, for every set 
of rni I values of other than .rj — a-’g == ... -- 0. 

For example, 3a:j-j--2.rii is positive-definite, while 3a;f— 2.r| is 
not positivo-deliiute; the first is j)Ositive for every ]}a.ir of real 
values of a,ud ;r., except tlie pair x-i = 0, % ~ 0; the second 
is positive %vJien r, — 1 , but it is negative wiien .rj = 1 
and x,^ = 2, and is zero when vT^ V2 and ~ v3. 

An example of a real form that can never be negative but 
is not positive-definite, according to the definition, is given by 

(3a\- 2 ^ 2 ) 2 + 44 . 

This quadratic form is zero wlien Xi = 2, X 2 == 3, and x^ -- 0, 
and so it does not come within the scope of Definition 0. The 
point of excluding such a form from the definition is that, 
whereas it ap})ears as a function of three, variables, aq, x.,, x^, 
it is essentially a function of two variables, namely, 

A positive-definite form in one set of variables is still a, 
positive-definite form when expressed in a new' set of variables, 
provided only that the two sets are connected by a real non- 
singular traaisformation. This we now prove. 

Theoiiem 40. A. real positive -definite form, in the n variables 
rtq,..,, is a positive-definite form in the n variables Xi,..., 
provided that the two sets of variables are connected by a real^ 
non-singular transformation. 

Let the positive-defmite form be and let the real 
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non-singular traiisforinatioii be X == Ax, Theii.r = M-^X. Let 
B{x,x) become C{X,X) when expressed in terms of X. 

Since B(x,x) is positive-definite, C{X,X) is positive for every 
X save tliat which corresponds to x = 0. But X =^-- Ax, where 
A is a non-singnl’ar matrix, and so X ■— 0 if and only if x — {). 
Eeiice C{X,X) is positive for every X other than X — 0, 

Not,e. The equation — 0 is a matrix equation, a: being a sitigie- 
colnmn rnalrix whoso elements are 

1.2. The most obvious type of positive-definite form, in n 
rariabteis a,,4+...+a„=cl («,„ > 0). 

We now show that every positive-definite form in n vaj’iablcs 
is a transformation of this obvious type. 

Theorem 41. Every real iiiositive-de finite Jorm, B{x, ,r), c.an be 
transformed by a real tnmsfor?nation of ’imit moduhis into a form 

wherein each is positive. 

The manipulations that follow are typical of others that occur 
in later work. Here we give them in detail; later we shall refer 
back to this section and omit as many of the details as clarity 
permits. 

Let the given ])ositive-definite form be 


The terms of (1) that involve .Tj are 

hi ^*-1+ 2^12 ahH- . . . + 2&i„ aq a:,,. (2) 

Moreover, since (1 ) is positive-definite, it is positive wlien 1 
and x,j. = ... == x„ = 0; hence 6^1 > 0. Accordingly, the terms 
(2) may be written asl 


t It is essential to this step that bxi Is zero. 
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/>(.i\.r} ~ a (juadratic form in X 


The iraiisibi'inatioii (3) is non-wingular, the determinant of 
tin.' transformation being 


Hence (Theorem 40) the form (4) in X is positive-deiiiiite and 
^ -Yg — 1, = 0 when r 7^ 2). 

Working as before, we have 


-j- a quadratic form in X3,..,, X^. 

Let tins quadratic form in X3,.,,, X^^ t)e ^ y^^X^X^; then, on 
writing 


Tiie transformation (0) is of unit modulus and so, by Theorem 
40 applied to the form (4), form ((>) is positive-definite and 
733 > 0 (put Tj = 1, = 0 when r ^ Z). 

Working a,s before, we obtain as our next form 

6,1 a quadratic form in Z,^,. (7) 

wherein b^i, 733 are positive. As a preparation for the riext 
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Btep, the coefficient of Z\ can be shown to be positive by proving 
that (7) is a positive-definite form. Moreover, we have 

= y, = X, == 

Oji Oji 


Xa .-= y, = 

r 22 

,4- 

p23 


P 

Fas 


i! 

li 

11 

(r > 3). 


Proceeding stej) by vstep in this way, we finally obtain 

Ii(x,x) — ^hili+/h2^i + y33^3+”- + %7i^nj 
wherein '<n?i positive, and 

, #, = x, + |s.r,+ ... + ^x, 


(S) 


Tl 


^2 


a’ -i- -U r 
/''22 


^ = ' X , 

5/t n' 


(0) 


Wci have thus transformed B(x,x) into (8), which is of tlie 
form required by the theorem; moreover, the transformal ion 
X -> ^ is (!)), wliieh is of unit modulus. 

2. Necessary and sufficient conditions for a positive- 
definite form 

2.1. Theoiiem 42. H fict of no.cossari/ and mficient, coiidifion.s 
that the real quadratic form 


n n 
x=i y~i 


( 1 ) 


be positive-definite is 
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if iiie ii'i-m is ]jo.sitivo-dciirtite, then, as in §1.2, (.hero is a 
traiisroi'Jiiatioii 


V — v I -!- ■ 

„ a|-p-— — a-g-l ... 




X.. 


j ,,, 


^n> 

tsf unil iin)i.{uliis, whei’oby Uie form is traiisfoj'inc.'d 

and iji lids form «j|, are all positive. The disci'iminant 

rjf th.0 form (2) is /Lo ... .Mence, by Tlieoj'oni 39, 


'n 


I 'brl 


‘In 




and .so i.s positive, 

Xow con.sidcr (.1) when e= 0. By the previous argument 
a]j}died Its a form in ilic n—l variables cCn_^, 


and so is ]iositive. 

Hinjilarly. t>n ]miti)!g v-. 0 ami 2 = 0, 

I ”• '«—2 terms, 


■a, 




and so on, Henee (he given set of conditions i.s necessary, 

( ‘onvei’.sely, if the set of conditions holds, then, in the first 
pliice. 0 and wo may WTitc, as in §1.2, 

.2 


*l(a\,r) -- ••• 


-L 1#' V 

f/ii 


-}- a quadratic form in x. a:„ 

«„ J'f+feAl+.,.+ft,„X|+2feX.X3+..,. (3) 
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where 


Before we can proceed we must prove that is positive. 
Consider the form and transformation when Xj. ~ 0 for k > 2. 
The discriminant of the form (3) is tlieii the modnlim 

of the transformation is unity, and the discriminant of 

*2 + ^’22 

is fljLi « 22 "~^’*i 2 - Hence, by Theorem 39 applied to a form in the 
two variables Xi and a'g only, 


and so is }>ositive by hypothesis. Hence is positive, and we 
may write (3) as 

%i^H~/^ 22 ^i+ quadratic form m Fg,..., 
where v v 


7, = Z, {k.>2). 

That is, we may wiite 

= «nFf4-^22^l+y33^H“*"+“734^a^4+”-j W 
where and /B 22 are positive. 

Consider the forms (3), (4) and the transformation from X to 
Y when Xj. = 0 for k > 2. The discriminant of (4) is /igg 733 j 
the modulus of the transformation is unity, and the di^scri•- 
minant of (3) is \ a a a \ 


which is positive by hypothesis. Hence, by Theorem 39 applied 
to a form in the three variables x^, only, the ]) rod act 
jSaa 733 is equal to the determinant (5), and so is positive. 
Accordingly, is positive. 

We may proceed thus, step by step, to the result that, when 





Examples XI 

} . Hint each ctf the qtiadmtie fonn« 

( t) 6.1’- -j- 35;y“ A- 1 -j- SAi/z, 

(ii) (Ic- ^-49?y2H-5l32~82//s+20s.'?:~4.i;?/ 
i.s posit ivo-<lc'finite, but that 

(iii ) 4.i;® -1~ 9i/“ -j 2z^ -j" 8^z+ Gza’ + ^:cy 
ia not. 
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the set of conditions is satisfied, we may write A{x,x) in the 
fo'™ a,,Xl+l3^Xl+...+K„^Xl (0) 

wherein r/.jp ^ 22 :..-, i<mi positive and 


a, 


P 22 


The form (6) is positive-definite in X„ and, since the 

transformation (7) is non-singular, A{;x,x) is positive-definite in 

.Ti,,.., av 

2,2. We have considered the variables in the order ajg,..., 
ajjj and we hav^e begun with an. We might have considered the 
variables in the order a?„, cCi and begun with a,„^. We 

should then have obtained a different set of necessary and 
sufficient conditions, namely, 


««n > 0, 


^n,n 


^n,n~l 


> 0 , 


Equally, any permutation of the order of,. the variables will 
give rise to a set of necessary and sufficient conditions. 

2.3. The form A{x,x) is negative-definite if the form 
{--.4(;r,;r)} is positive-definite. Accordingly, the form A{x,x) 
is negative-defiiute if and only if 

fC” 0, I a^g I 0, I ®i2 ^^13 I fij 



' ^12 j 


®12 

®13 


■ ' ^' 22 ' ' i " ' ■ ' ' 


*^22 

®23 



■ ■ 

^ h }2 

%3 
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is a positive-definite form, then 

where K is a positive-definite form in whose discriminant is aj j 

times the discrimmant of Fh 

Hint. Use the transformation iVj = aii.TiH-ai2X2d «i;j^^ A”., 

X.^ = £3 and Theorem 39. 

3. Prove that the discriminant of the quadratic form in x, y, z 

F s= (aiO-’ + hiJ/d-Ci zf^-{a^X:-\-hiy-\-c^z)" 
is the square (by rows) of a determinant whose columns are 

Gj, 62,02; 0,0,0, 

4, Extension of Example d. Prove that a sum of squares of r distinct 
linear forms in n variables is a quadratic form in n variables of zero 
discriminant whenever r < -n. 

6. Harder. Prove also that the rank of .such a discriminant is, in 
general, equal to r: and that the exception to the general rule arises 
when the ?• distinct forms are not linearly independent. 

6. Prove that the discriminant of 


is not zero unless the forms 


are linearly dependent. 

Hint. Compare Examples 3 and 4. 

7. Prove that the discriminant of the quadratic form 

Z (r,.? = l,...,n) 

T?- S ■ 

is of rank n— 1. 

8. If J{x^,...yXn) i.s a function of n variables, denotes (fj'cxi. and /;; 

denotes d^ff&Xidxj evaluated at x^ — (r = prove that/ has a 

minimum at .xy = provided that po.sitive -definite 

form and each/| is zero. Write down conditions that fix, y) may be a 
minimum at the point x = ot, y == ^. 

9. By Example 12, p. 133, a Hermitian form has a real value for every 
set of values of the variables. It is said to be positive-definite when 
this value is positive for every .set of values of the ^•'ariabIe.s other than 

= ...— Xji — 0. Prove Theorem 40 for a positive-definite Hermitian 
form and any non-singular transformation. 


. If " 



BhLP BA F ^ D, A G f. 1 r i : 7 I'V r r ’/■■ - ‘ V , . ■ 
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10. rixl'i’o tiiat a po.sitivf'-definito Heimitiaii form can bn transfoi’mod 
bv a tran-sforijuition of unit modulus into a form 

w!i‘‘n‘in each <v,, is positive. 

Hist. Compare the proof of Theorem 4-1. 

!}. The ilclerniinant j-l| rs |a.i;| is called the discriminant of the; 
liermitiaii form ^ RomembtTmg that a Hermitian form is 


M, it follows, by considering 


cliaraeterized by the matrix {,'quation -4' 
tin*, determinant erpiatiou 

14!.:==; jT'H 

thu*. ilie di.scrimijiant is real. 

Prove the analogue of Theorem 42 for Hermitian forms. 

r*r()ve. by analogy with Example 3, that the di-scriminanf of the 

H ^ XX-^YY, 

aiar-\biy-i-CiZ, F — 0f2.i;'|-^'2i? + <7a3, 


12 

Hermitian form 
•wlierc X 


js zero. 

Obtain the corresponding analogues of Examples 4, 5, and 6. 
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THE CHARACTERISTIC EQUATION ANT) 
CANONICAL EOR]!iIS 

1. The. A equation of two quadratic forms 
1.1. We have seen that the disciiminant of a quadratic form 
A(x,x) is multiplied by AP when the variables r?; are changed 
to variables X by a transformation of modulus 31 (Theorem 39). 

If ./I (a;, it) and C(x,x) are any two distinct quadratic forms 
in n variables and A is an arbitrary parameter, the discriminant 
of. the form A(a:,a;)— AC'(a;,a’) is likewise multiplied ])y 3P when 
the variables are submitted to a transformation of inoduius if. 
Hence, if a transformation 


changes then 

3I^\ ACi, . . din~~"^^ln i ” ! ‘^11 '^Til * • °^ln. ^Yln i* 


The equation jA—AU] = 0, or, in full, 

1 < 5 ^ 11 — -Acii . . Acj 


is called the A equation of the two fobbir. 

What we have said above may be summarized in the theorem : 

Theobem 43. The roots of the A equalio7i of any two quadratic 
forms in n variables are unaltered by a non-singular linear trans- 
formation. 

The coefficient of each ^ower A’’ (r — 0 , 1 ,..., n) is ^nultiplied 
by the square of the rmdulus of the tramsformatioii. 

1 .2. The A equation of A (x, x) and the form erf + . . . -r is called 
THE CHABACTEBISTIO.EQXJATIOH of A. In full, the equation is 
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TJie roots of this eqnatioii are called the latent eoots of the 
matrix -.4. Tlie equation itself may be denoted by |d--A/{ ~ 0, 
wlu'ro i is the unit inatrix of order n. 

11k; term, independent of A is the deternrinant so that 
Hie <‘haractcriKlic equation has no zero root when 0. 

Wheii I«, 7 .i ™ 0, so that tJie rank of the matrix: is r < n, 

there is at least one zero latent root; as we shall prove later, 
the]‘e are liicn n—r z('ro roots. 

2. The reality of the latent roots 
2J. lliEOEEM 44. If is the inatrix of a positive-definite 
form Cir.x) and [a^;/] is any symmetrical matrix with real ele- 
ment's, all the roots of the A equatmi 


^11" 


%:2 *^12^ 

*, ®l7l. *^111 i 


”C(>i A 

(tiyey^^^ Otro \ * 

• ® 2 ji “ 


fbo- 




^>in A 


are re.nl. 

Let A be any root of the equation. Then the determinant 
vanishes and (Theorem 11 ) there are numbers not 

all zero, siicli that 

i =0 (r = 1 ,..., n); 

K=-l 

that is. A 2 = 2 ('^* == l,*-> (1) 

Al tilliply each c{|iiation (1) by Z^, the conjugate complexf of 
Z^, and add the results. .If Z^ = where Xy and are 

real, we obtain terms of two distinct types, namely, 

ZyZy = {Xy-\-iYy){Xy-~iYy) ^ Y f. , 

ZyZXrYyZ, - (Z,+2Y,){X,--iF,)+(X,--tT,)(Z,+ii;) 
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Hence the result of the operation is 

'r-1 r<s ' 

{ i «,,(Ai+rp)+2 i «,«(X,x,+i;}:,)l 

or, on using an obvious notation, 

A[C{Z,X}+C(F,7)} - ^l(X,X)-h4{r,r). (2) 

Since, by hypothesis, C{x,x) is positive-definite and since; the 
numbers Z,. = -- b -<-5 ‘^) not all zero, the coefil- 

cient of A in equation (2) is positive. Moreover, siiuie each 
is real, the right-hand side of (2) is real and hence A must be real. 

Notk. If the coelficieut of A in (2) wore zero, tlion (2) would tell iis 
nothing about the reality of A. It is to jjrecludc this that we retmiro 
C'(a-’, .t) to be positive-definite. 

CoBOLLARY. // both il(a:,a’) and C{x,x) are %)ositive-(lejinite 
forms, every root of the given equation is positive. 

2.2. When c„. = 1 and c,.,, = 0 {r s), the form C{x,x) is 
.'rf-f and is positive-definite. Thus Theorem 44 con- 

tains, as a special case, the following theorem, one that has 
a variety of applications in different parts of mathematics. 

Theorem 45. When [«;;.] is any symmetrical tnatrix with real 
elements, every root A of the equatian jJi— A/j = 0, that is, of 

0 {O-fg ^sr)i 


«ii-A 

^12 • 


^21 


■ ^2« 

«nl 

<i'n2 

* ^nn — A 


is real. 

When is the matrix of a -positive-definite form, every root 
is positive, 

3. Canonical forms 

3.1. In this section we prove that, if A = is a square 
matrix of order n and rank r, then there is a iion-sinaular 

X,. 


transformation from variables 
that changes A{z,x) into 


x„ to variables X 




( 3 ) 
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where Oi,..., (ff are distinct from zero. We sho-w, furtlier, tliat 
ii’ the till, are elements in a particular held F (such as the field 
of real .nura]»er’.s), then so are the coefficients of the transforma- 
tion and the resulting f/i. We call (3) a canots^ical torm. 

j'he first sir*]) in f ho ])j-()of is to show that a.ny given <'{uadratie 
lurm can he transformed info one wdiose coefficient of rf is not 
zcn;. This is done in §§1.>.2 and 3.3. 

3.2, Elerneiitary transformations. We .slnilJ l)avc occa- 
sion to use two particular tyjfes of transformation. 

Type 1. The Iransforinatioii 


- -- A' 


j -- ‘Ps, ~~ Ag (.s ^ I, f) 

is non-singular; its nuKluliis is —1, as is seen by writing the 
determinant, in full and interchanging the first and rth colinmis. 
Moreover, each cncfficieTit of the transformation is either 1 or 0, 
an<] so heiongs tf) every field of numbers F. 

If in the (juadratic form ^ ^ of numbers 

f/jj,..., is not zero, tlien citlier 0 or a suitable- trans- 

formation of tyi^e I will change the quadratic form into 
wlierein 7^ 0. 

Tf, in tiie quadratic form ^ numbers 

a^^.. are zero, but one number fiyg {r ^ s) is not zero, then a 
suitable transhjrmation of type I will change the form into 
y 2 ’vvhercin every is zero but one of the numbers 

byu...., is no! zero. 


I’vi’K 11. Hie transformalion in n variables 

.Cj Xj 4 - a;,, :r, -- A"i-~X,,, =~. Xf {t a, 1) 


is ium-singuiar. Its modulus is the determinant whicii 

(i) in the lir.st row, ha.s 1 in the first and sth columns and 
0 elsewhere, 

(ii) in the sth rove, hu.s 1 in the first, -—1 in the Mdi, and 0 in 
every other column, 

(iii) in the /th row (t -/- s, 1) has I in the principal diagonal 
position and, 0 elsewhere. 

The value of such a deterniinaut is -4-2, Moreover, each element 
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of the determinant is 1, 0, or —1 and so belongs to every held 
of numbers F. 

If, in the quadratic form ^ ^ numbers />j 

isei‘ 0 , but one is not zero, then a suitable transforma- 
tion of type II will express the form as y Ci.sXyXg, wherein 
is not zero. 

3.3. The first step towards the canonical form. The 
foregoing elementary transformations enable us to transform 
every quadratic form into one in which is not zero. For 
consider any given form 


If one is not zero, a transformation of type I changes 
(1) into a form B{X,X) in which 6^ is not zero. 

If every is zero but at least one is not zero, a trans- 
formation of type I followed by one of type II changes (1) into 
a form C{Y, T) in which is not zero. The product of these 
two transformations changes (1) dhectly into C(F, F) and the 
modulus of this transformation is ±^2. 

We summarize these results in a theorem. 

Tiieobem 46. Every quadratic form A{x,x), with coefficients 
in a given field F, and haviiig one not zero^ can be transformed 
by a non-singular transformation with coefficients in F into a form 
B{X, X) whose coefficient is not zero. 

3.4. Proof of the main theorem. 

Definition 7. The rank of a quadratic form is defined to be 
the rank of the matrix of its coefficients. 

Theorem 47. A quadratic form in n variables and of rank f, 
with coefficients in a given field F, can be transformed by a non- 
singular transformation, with coefficients in F, into the form 

OtiXl-Y.-^+OCyX^, (J) 

where are numbers in F and no one of them is equal 

to zero. 

n n 

Let the form be T V and let A denote the matrix 
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If every a-- is zero, the rank of A is zero and tiiere is 
notliing to prove. 

If one is not zero (Theorem 46), there is a non-singular 
transformation tvith coeiliedents in F that changes .d{ro,a’) into 

Xf-i- 2 y oiji,; -Zj Xrr 2 .2 

■i-=2 

where # 0. This may be written as 

aJXj^ -\~ Z'g -f- . . . + "h .2 .2 ^ij i ^r- 

. Y "' . . ■ ■■ (Xj^ . f ■ ■ 5. “2 

and the non-singular transfonnation, with coeilieients in 

cvi 

T;. X, (i - 2 ,..., n), 

enahles us to write A(x,a^) as 

ociTI-hi 


( 2 ) 


Moreover, the transformation direct from x to Y is the pro- 
duct of the separate transformations employed; hence it is non- 
singular and has its coefficients in F, and every 6 is in F. 

If every b{j in (2) is zero, then (2) reduces to the form (1); 
the question of rank we defer until the end. 

If one bij is not zero, w^e may change the form 22 
in ft— 1 variables in the same way as we have just changed the 
original form in n variables. We may thus show that there is 
a non-siligular transformation 


^i=lkjyj (^-2,..., ft), 


( 3 ) 


with coefficients in F, which enables us to WTite 

71 n n n ‘ 

y = 2 t.= 8 i~3, 

where 0. The equations (3), together with ~ con- 
stitute a non-singular transformation of the ft variables Ip..., 7,^ 
into Hence there is a non-singular transformation, 
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the product of ali the transformations so far employed 
has coefficients in F and changes into 


wherein i-vj # 0 and ag --A 0, a.nd every c is in F, 

On proceeding in this way, one of tv'o things must 
Either we arrive at a form 


wherein k < n, ^ 0 ,..., ctj. # 0 , but every 
case (5) reduces to 

or we arrive after n steps at a form 


In eitiier circumstance wo arrive at a final Ibrm 

{k ^ n) (G) 

by a product of transformations each of wliicJi is non-singniar 
and has its coefficients in the given field F. 

It remains to prove that tlie number k in (0) is equal to r, 
the rank of the matrix A. Let B denote tlie transformation 
whereby we pass Irom A{x,x) to the form 


Then the matrix of (7) is (Theorem 37) B'AB, Since B is non- 
singular, the matrix B'AB has the same innk as A ('Jiicorem 
34), that is, r. But tlie matrix of the fjuadratic form (7) con- 
sists of cij^ in the first k jdaees of tlie ]>rii]ei]ial diagonal 
and zero elsewhere, so that its rank is k. Hence k ~ r. 

CoiiOLLARY. If A{x, x) is a quadmliv. form in- n variables, with 
Us coefjficie.nls in a given field F, and if its (tiscriminani is zero, 
it can be transformed by a non-singular transformation, iviih 
coefficients m F, mto a form {in n—l variables at most) 

JC| d" * • • + oc.,^ -1 F 

where are numbers in F. 

This corollary is^ of course, merely a partial statement of the 
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theorem itself; since the discriminant of a:) is zero, the rank 
of the forni is « — 1 or less. We state the corollary with a view 
to its immediate use in the next section, wherein F is the field 
of real rmmbers. 

4. The simuitaiieous reduction of two real quadratic 
forms 

'IhrfiOKWM 4S. Let A{XfX), C{x,x) be two reed (pmdratic forms 
in n ntrinbles ami let r.'(;r,;r) be posifive-definiie. Then there is 
a real, no7'i -singular transformation that expresses the two forms as 

inhere Ap..., A„, are the roofs of \A—XC\ = 0 and are all real. 

The roots of j/1— AC’ j = 0 are all real (Theorem 44). Let Aj 
be any one root. Then A{x,x)~~X-i^C{X;X) is a real quadratic 
form whose discriminant is zero and so (Theorem 47, Corollary) 
there is a real non-singular transformation from to 

such that 

A(x,x) Aj^C(a,a) 0 - 2 ^ g . . . ~j~ tXjj, d 
where the a’s are real numbers. Let this same transformation, 
when applied to C(x,x), give 

n n 

G(x,x)=2 IniYX,- ( 3 ) 

Then we have, for an arbitrary A, 

A(x,x)—-XC{x,x) — ri(ar,aT)— Aj C(.'t%a:)-j-(Ai---A)6%'K,a3) 


Since C(:r,x) is positivm-defmite in the variables x, it is also 
positive-definite in the variables T (Theorem 40). .Hence is 
positive and we mav' use the transformation 


Tills enables us to write (2) in the form (Chap. XI, § 1.2) 
A{r..x)->.C{T.,r) = Z„)+{Ai-A){y„Zf+^(%..., 

wdiere f and f are real quadratic forms in 
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Since tbis holds for an arbitrary value of A, we have 
A{x,x) == — X^yy^Z\Ar6, ) 

C{x,x)^ y,^Zl+.fs, I 

where 0 and ^ denote quadratic forms in Z.,,..., 

This is the first step towards the forms we wish to establish. 
Before we proceed to the next stej) we observe two things: 

(i) i/j is a positive-definite form in the n~l variables Z. 

y„Zf+,A(Z„...,Z„) 

is obtained by a non-singular transformation from the form {}), 
which is positive-definite in Ti,..., 

(ii) The roots of l^— Ae/f| = 0, together with A == Aj, account 
for all the roots of jd.— ACj = 0; for the forms (3) derive from 
A{x,x) and C{x,x) by a non-singnlar transformation and so 
(Theorem 43) the roots of 

i(\yii— Vn)^i+^~-¥r= 0, 

that is, of 

1 rii(\~-^) 0 . . 0 1 = 0, 


are the roots of [d.— -A(7i = 0. If A^ is a repeated root of 
[d—AC'l = 0, then A^ is also a root of {0— Ai/r| 0. 

Thus we may, by using the first step with 0 and ifs in place 
of A and C, reduce 0, ^ to forms 

0 = A2a2C^i+0'(f73,...,fZJ, 1 

where is positive, Ao is a root of AC'|, and the transforma- 
tion between iJg,..., and is real and non-singular. 

When wo adjoin the equation L\ = we have a real, non- 
singular transformation between Z^^ and r/„. Hence 
tliere is a real non-singular transformation (tlie xjroduct of all 
transformations so far used) from to such that 

A{x,x) = ?7j-1-A2cx 2 77|-|“/(r.3....3 77^i), ) 

X) = a, ?7|+ Ul+F{Ll..,, HJ, 1 ^ 
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Ti'here iuid arc positive: Aj and are roots, not- noeessarily 
(listiijcl, of 'A—XC\:J and F are- real quadratic forms. As at 
the, ilrsi. stage, we can show tiiat F is jjO.sitive-deiinite and that 
Ili (5 roots of \f—XF\ ~-= 0 together witli aTid A„ account for 
all the rools of L4--A(’'j ■= rt. 

Tims wc may proeeed step hy stc]> to the .rediud ior of .4(.r,.i:) 
anvl C(j\x) hiy real non -.singular frarfsTonnadons io tiic; two 

AiA\x) - Ai«i.rf4A2a2n+...+A,>v„ Yi 


r(,r,.r) 


'■^1. ^ T 


,11+. ..-h 


wherein each is positive and Ai,..., A,, avcoiint for all the roots 

of \A Af.’i --- 0. 

ifinaliv. the real transformation 


Ah 




gives the rccpiircd result, namely, 

A(Xj x) = Aj^ Aj 4 ••• A jp C (x, iv) 


JL 1 


X"* 


5. Orthogonal transformations 

If, in Theorem 48, the positive-definite form, is .Tf4*"4*'’^L 
tlic transformation envisaged, by the theorem transforms 
;rf4.,.4‘r| into Aif4”-4-Af,. Such a transformation is called 
an O.RTHOGONAL TRAN-spoRMATTOx. We sfiall cxamiiie such 
transformations in Chapter XIII; we shall .see tliat they are 
,nece,s.sariiy non-singular. jMeanwIiile, wo note an important 
tlieorcm. 

Tjirorem 49. A real qnadraiicjorni Ai(;r. x) in- n variables can 
ha reduced by a real orihogonal tra-nsfortnatio7h to the form 
X Y24_ -i-'X 

/Xj .aVj I ... i A,J Ajj, 

■u'here accomd for all the. roots of {.A— A/| = 0. .More- 

over, all the roots are real. 

'.riie proof consi.si.s in writing a:f-|-...4--'rfi for C{x,x) in 
fheorem 4H. [See also f'hapler XV, § 3,] 

6. The number of non -zero latent roots 

If B is the matrix of the orthogonal transformation whereby 
A(.i’, .r) is reduced to tlie form 

Aj Af4..,4A,j A.“, 


4703 


(1) 
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then (Tiieor(3ra 37) B'AB is the matrix of the form (I) o,nfl 
tills j\a,s Aj,..., A,, in its leading diagonal and zero elsewhere. Its 
rank is the mimber of A’s that arc not zero. But since is 
noai-singulaj?, the rank of B'AB is eijual to the rank td' A. 
ifcRco the rank of A is eqwil to the manhcr of non -zero roots of 
(he characteristic, equation {/I— A/| == 0. 


7. The signature of a quadratic form 
7.1. As \vc proved in Theorem 47 (§3.4), a real quadrati( 
form of rank r can be transformed ])y a real non-singular trans- 
formation into the form 


wherein a,, are real and not zero. 

A.s a glance at §3.3 will show', there arc, in general, many 
different ways of effecting such a reduction; even at tlic first 
stej) we have a wide choice as to wdiich non-zero we select 
to become the non-zero or as the ease may be. 

The theorem we shall now prove establishes the fact that, 
start ing from the one given form A {x, x), the number of positive 
a’s and the number of negative a’s in (1) is independent of the 
method of reduction. 

Theorem 50. If a given real quadratic form of rank r is 
reduced by two rcaf non-singular transformations, Bj and IB sag, 

to ike form, a^Xl+...+c,X% (2) 

(3) 

the 7iU7nber of ^positive ex’s is equal to the mimher of positive ft's and 
the number of negative oc’s is equal to the number of 'negative j3’s. 

Let n be the number of variables x,^ in the initial quad- 
ratic form; let g be the number of positive a’s and v the nuniher 
of positive ^’s. Let the variables X, Y be so numbered that 
the posiih’-e a’s and jS’s come first. Then, since (2) and (3) are 
transformations of the same initial form, we have 
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Now tHU])})osc% eonirary to the theorem, that /x > v. Then 
the 7 i-\-v--fi equations 


Y, - 0, 


Y, 0. 


X 

-‘'-/A+l 


.. 0 , 


0 (r>) 


rtiT Itomogomcons equations in the n variahlcsf aq,..., x„. There^ 
rtre less equations than there are variables and so (Cliap. VILT, 
§5) the ('(|uations haeo a solution aq — x,^ = in which 

are not all zero. 

li('t A"^, Y'y he the values of X’,., J' wdien x -- Tlien, from 
(4) and (o), 

whieli is impossible unless each X' and X' is zero. 

Hence either we have a contradiction or 

0 , x; = o, 
x;,, = o,, ..., x;^o. 

But (6) means that the n equations 

Xi = 0, ..., X,==0, 


X' 

and, from (5), i 


(6) 


(7) 


say 


2 hk 


0 [i = 1 ,..., w) 


in full, have a solution in which are not all 

zero; tliis, in turn, means that the determinant = 0, which 
is a contradiction of the hypothesis that the transformation 


X.£ — y hk^k 

k=-l 


is non-singular. 

Hem’c tlio assumption that jx > v leads to a contradiction. 
Similarly, the assum])tion that v > /x leads to a contratiiction. 
Accordingly, /.z ~ v and the theorem is proved. 

7.2. One of the ways of rediujing a form of rank r is by the 
orthogonal transformation of Theorem 49. This gives the form 
AiXM-...-f-A,X2, . 

where A^,..., A^ are the non-zero roots of the characteristic 
equation. ■ ' - , 

Hence the number of positive a’s, or ^’s, in Theorem 50 is 
the number of 3)ositive latent roots of the form. 

t I'lHch X aiu] 1' ia a linear form in a?i 


J56 


THE CHARACTER LSTIO EQUATFON ANT) 


7.3. We have proved that, associated with every quiidnitie, 
form are two numbers P and N, the number of positiv’^e and 
of negative coefficients in any canonical form. Tlie sum of P 
and N is the rank of the form. 

Definition S. The. number P—N is called the sign. via: jj.; o/ 
the form, 

7.4. We conclude with a theorem which states that any two 
quadratic forms having the same rank and signature art;, in 
a certain sense, equivalent. 

Theorem 51. Let x), y) be two real yuadra tic forms 

having the same rank r and the same signature s. Then there is 
a real non-singular transformation x = By that transforms 
Afx,x) into A^iy^y), 

When Ai{x,x) is .reduced to its canonical form it becomes 

where the ct’s and jS’s are positive, where y = ^(.-s+r), and 
where the transformation from x to X is leal and non-singular. 

The real transformation 

li = Zi Vaj, ..., Va^, 

^H+l ~ "^/x+l ''’'PjJ.+V ~ Z,. 

changes (1) to (-) 

There is, then, a real non-singular transformalion, say 
X = 6\|, that changes Aflx,x) into (2). 

.Ecpially, there is a real non-singular tran.sformatlun, say 
y =: Co^, that change.s A^{y,y) into (2). Or, on con.sidoriiig the 
reciprocal process, (2) is changed into A-J^y,y) by the trans- 
formation ^ = C^^y. Hence 

X == Cj 

changes J.j(ar,a;) into A^[y,y). 

Examples XII 

1. Two forms A(a;,a:) and G{x,x) have 

“ra ~ when r ~ 1,..., k and s — 1,..., n. 

Prove that the A equation of the two forms has k roots equal to unity. 
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Write down the A equation of the two forms ax~ ~{-2hx^ +b‘i/'^ and 
-'Ik'xy+h'y" and prove, by elementary methods, that the roots 
ini when a > U and ab—h^ > 0. 


ax'^-{-2hxy+by~ =■- 

«0;2-p2AVy-l-d/y‘^ — • a'{x—azy){x~~^„y). 

Tilt : eondition for real roots in A becomes 

(a&'+a'6-27J6')2~4(a6~7j2)(a7>'-r2) > 0, 
vdiieli can be written as 

aV 2 (ai--o! 2 )(^i~j 82 )(a;i-^ 2 )(^i~a 2 ) > 0, 

'A'lu n nh— }i“ > 0, cki and /3i are eonjugate complexes and the i-esult can 
be proved by writing aj =- y-f/S, /ffj = y— ?S. 

I 3 i fact, the A roots are real save when a^, jSj, jSo are real and the 
roots with suffix i separate those with suffix 2. 

4, Prove that the latent roots of tiro matrix A , where 
*4(,r,») ™ 6:ci4dffia;|+li.r^ + 34a.'ga’3, 

are ail positive. 

4. Prove that when 

A{x,x) = 4x\ 4- 9-^2 -f- 2a;5 + SiCg •'ta + ^a’g Xi + 6xi Xg 
two latent roots are positive and one is negative. 

6- *4 ^ 2 -^r ~ \^Aldx^\ 


dy subtracting from the last row multiplies of the other rows and then, 
for -4;;., by subtracting from tlie last column multiples of tli© other 
columns, prove that Aj^ and are independent of the variables a'l-.., 
when k < n. Prove also tliat A.,^ bs 0. 

U. With the imtation of Example 5, and witli 


show, by UiOanscif Theorem 18 applied to .4^^, that 


7. Esc tile result ol‘ Example 7 and the result .4,^ = 0 of Example 6 to 
pro^'c that, wlieii no D;_. is zero, 
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Consider what happens' when the rank, r, of A is less than n and 
Dj,..., J)j. are all distinct from xero. 

9, Trimsfnrin 4x-2a;3-i-2a^3a:i-r6;ri .Ty into a form 'X'E^rs^r^a with 
ajj^ --A 0, and hence (by the method of Chap. XI, § 1.2) find a canonical 
form and the signature of the form. 

1 1 . Show, by means of Example -1 , that 

-H'f d- 9ai+2a:|-|- Sa;2 + 6.r3 rcj -j- 

is of rank 3 and signature I, Verify Theorcnia 50 for any two indejnendent 
reductions of this form to a ca,nomcal form. 

10. Provfj that a quadratic form is the product of two linear factors if 
and only if il.s rank does not exceed 2. 

Hiot. Use Theorem 47. 

13. Prove that the discriminant of a Hormitian form A {x,x), wlien it 
i.s transformed to new variables by means of transformations x BX, 
X -= BX, is multiplied by |ii| X |Rj. 

Deduce the analogue of Theorems 43 and 44 for Hermitian forms. 

12. Prove tliat, if A is a Hermitian matrix, then all the roots of 
jA—Aij == 0 are real. 

tIiNT. Compare Theorem 46 and use 


13. Pj'ove the analoguo.s,of Theorern.s 40 and 47 for Hermitian forms, 

14. A{x,x), C{x,x) are Hermitian form.s, of which C is positive- 
definite. Prove that there is anon-singular transformation thatexprtjsses 
the. two forms as 

Ai Xi ACi -)-... 4 -Ak Xn X„, A'l Xi + ... X„, 

where A^,..., A^j are the roots of j.4— ACJ -- 0 and are all real. 

15. An example of some importance in analytical dynamics.'^ Show 
that when a rjuadratic form in m-j-n variables, 

i.s expressed in terms of where ir ~= e'TjcXf, there 

are no terms involving the product of a | by an a;. 

Solution. The result is easily* proved by careful manipulation. Use 
the summation convention; let the range of r and s be 1,..., »i; lot the 
range of xi and t be m-f i,,.., mAn, Then 2T may be expressed as 

2T == 

where, as an additional distinguishing mark, wo have written ij in.stcad 
of X whenever the suffix exceeds ?n . 

We are to express' T in terms of the j/’s and new variables given by 
; ■' -19;= £lar%+«w?/« is = 

- t Cf. Lamb^ Higher Mechanics, §77; The Routhian function. X owe this 
example to Mr. J. Hodgkiaaon. 
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Multiply by A.,,, tlu; oo*fa(;tor of a.„ in A = {cf„h a detornimani of orii<T 
ni, unci add: wn get — 

Now 2 T ----- av(rp,, .r, i - 2a^„, ?/„ ) 4- <hd Ih Vl 
■- •i'riir + "r!i l/«) -f "«S ?/« ,Vf» 

2 A 3’ - {.^1 sr L - .ST ?/« )( - i- »r« + »«f 

=.-: ,Agj.^ji4'i.~!~?/}/.(U).M ®g.j{ fj.)-j-f/j{y» y)i 

wIkto c 6(7/, y) donoto.s a qvindnvtic form in the y’s only. 

Tbit/since a..., --■ a,., wc* also liave A,,g== Ars- Thus the tonn multiply- 
ing in. the a,bove may bo written as 

‘^rifAj-sl’s ®s«Agf.‘^j.j V 

and lids is Koro, .since both r and s are duniniy siifflxes. Hence, 2T may 
ho writtori ill the form 

2T - 

wiu-re r, s run from I to ni and u, i run from w-f 1 to m+n. 




/ i~ . . 



■CHAPTER XlIT 


ORTHOGONAL TRANSFORMATIONS 


1. Definition and elementary properties 

1.1. We recall the delBnition of the prerioiis chapter. 

DEFFNiTiOisr 0. A transformaiion x -- AZ that tnmsform 
‘info is called an orthogc):nal tea-xs;- 

FoiiMATiox. The matrix A is called an orthogo-n-al matrix. 

The be.st-known example of such a transformation occurs in 
analytical geometry. When (a;, y, z) are the coordinates ui' a 
point P referred to rectangular axes Ox, Oy, Oz and (Z, Z) 
arc its coordinates referred to rectangular axes OX, OY, OZ, 
whose direction-cosines with regard to the former axes are 
m^, n^j, {U, ‘hu, W-g, Wg), the two sets of coordinates 

are connected by the equations 

■x = l^X-YLJ+l^Z, 

y = mjZ-i-'mg F-j-mgE^, 

z — w-i Z+^^a ^ 

Moreover, rH/Z+s® = X'^+Y-pZ^ - OF\ 

1.2. The matrix of an orthogonal transformation must have 
some special property. This is readily obtained. 

If A -IS [ff J is an orthogonal matrix, and x == AZ, 


for every set of values of the variables Z„. Hence 


= P i^' 7- i)- I 

These are the relations that mark an orthogonal matrix; they 
are equivalent t^o the matrix equation 


as is seen by foiining the matilx product A 'A 
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1.3. WhcJi (-) is satislied A' is the reciprocal oiA-1 (I’hrovcni 
th), .>(! ihat J-1' is also eijiiai to the unit matrix, and ironi this 
!ai‘i Idtluw the relations (by writing in full) 

^ “ ^3"**j4?')s I (3) 

d {'5> 0' I 

When — 3 ami the transformation is the cliange of axes 
noted ill fid, the relations (1) and (3) take the well-known 
iuinis = d, 

a, nil so on. 

1.4. We now give four theorems that embody important 
projicrtios of an orthogonal matrix. 

T.HEOEEM 52, A necessary ajtd sufficieiit conditio7i for a square 
matrix A to be orthogonal is A A' ~ 1. 

This theorem follows at once from the work of §§ 1,2, 1,3. 

Corollary. Every orthogonal transfoiination is non-singidar. 

Theorem 53. The 'product of two orthogonal transformations 
is an orthogonal transformation. 

Let X = AX, X = BY be orthogonal transformations. Then 
AA' ^ I, £B'=:^I. 

Hence {AB){ABy ~ A BB'A' (Theorem 23) 

= AIA' 

= AA' = /, ' 
and the tiieoreni is proved. 

Theorem 54. The modulus of an orthogonal transformation is 
cither -|-1 or — 1. 

If A A' ™ / and \A \ is the determinant of the matrix A, then 
jj.j. jH'j == 1. But \A'\ — \A\, and hence = 1. 

Theorem do. If A is a latent root of an orthogonal transforma- 
tion, then so is I /A. 

Let A be an orthogonal matrix; then A A' == I, and so 

A'^A-K (4) 
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By Theorem 30, Coroilnry, the cbaracteristio (latent) roots 
of .4' are the reciprocals of those of ^4. But tlie characti'i’islio 
ecjuation of A' is a. determinant which, on interc'hanjiin'f its 
rows and columns, becomes the characdcristic equation of.-l. 

Hence the )>. latent roots of H arc the rcciprocrils of the. ?? 
latent roots of A, and the theorem follows, (An ahernalivo 
proof is given in Exajiiple 0, p, 168.) 


2. The standard form of an orthogonal matrix 

2.1. In order that A. may be an orihogomil matrix tlie e(.[ua- 
tioiiB (1) of § 1.2 nuLst bo satisfied. There are 


= n-j 


n{n--l) 'ft(«.-j-l) 


of these equations. There are elements in A. Wo may tlici'c- 
fore cxpectf that the number of independent constants ].ie<‘cs- 
sary to define A conipletel}^ will be 


If the general orthogonal matrix of ordci* n is to be expressed 
in terms of some other type of matrix, we must look for a matrix 
that has 1) independent elements. Such a matrix is the 

skew-symmetric matrix of order n; that is, 

™ ~~^kr 

For example, when n -- 3, 
t) 

-■"^13 ^ - 

has l-|-2 = 3 independent elements, namely, those lying above 
the leading diagonal. The number of such elements in the 
general case is 

l-}-2-h...-j-(?^— 1) = -|-n(?i— 1). 

t Tho method of eounting eon, slants indicates what, results to c-rpecti it 
rarely proved those results, and in tho crude form wo have usc'd aljovo it 
certainly proves nothing. 
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ThkorJ'AI 50. If S k- a skews j/mmetric matrix of order n, Ikm, 
froridid ihat l -rH is nonsmejidar, 

is on urthoijo)i<f{ maf'nx oj 07'dcr n. 

SiiV'C S w skc^v-■sylulllct^ic, 

... ._,S' (/-^r = 1+8, {} +8)' = 

and wiien f+S is non-smguUir it lias a reciprocal 
the non-singular matrix 0 being detined by 
0 =. {I-8)(I+8)-\ 

we have 

0'= {(/-}" (Theorem 23) 

= (/— (Theorem 27) 
and OC/ - {I-8){l + 8)~HI~S)-^{I+8). (5) 

and I+S are commutative,'!' and, by hypothesis, 
f+8 is non-singular. HenceJ 

{I-~8){I+S)-^ = iI+S)~^I-~S), 

and, from (5), 

00' = {I+8)-^I—8){I—S)-'^{I+8) “ {I+8)~'^{I+S) = I. 
Hence 0 is an orthogonal matrix (Theorem 52). 

Notk. When the elements of >y are real, I -\~S eannot be singular. This 
fact, proved as a leninui in §2.2, was well known to Cayi*-*y. who dis- 
eovered Theorem 5ti. 

2.2. Lemma. If 8 is a real skewsijmmeiric inairix, I+S is 
■fioiisingidar. 

Consitler the determinant A obtamed by writing down 8 and 
replacing the zeros of the princi])al diagonal by a;; e.g., with 
n V. :k 


t {I-JS){l-\-S) - - P->r- = (I+S){T-S) [SI 

t If A{t> --- and Q ts non-singular, then AQ-'^ ~ <2~h4. 

For Q-^AQ - Q-W = ^ 

id so AQ-^ - (g-h-lO)g-i - Q-^AQQ~^ = Q-h4. 
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Tlie ciiR'erentiul coefficient of A with resjwct to is Die sum of 
■ft determinants (Chap. I, §7), eaeli of wliieJi is er ual (o a skew- 
symmetric determinant of order I wh(3ii ir 0. Tims, whe.i 


and the latter become skew’-sjmimctric determinants of order 2 
when :r ==■ 0. 

Differentiating again, in the general case, we see that d~A 
is the sum of i) determinants each of which is equal to 
a skew-symmetric determinant of order n—2 when r ~ O; and 
so on. 

By Maciaiirin’s theorem, we then have 

A = 2 ^ (ii) 

1 s 

where Aq is a skew'-symmetrie determinant of order n, ^ a sum 

i 

of skew-symmetric determinants of order ■/? — ], and so on. 

But a skew-symmetric determinant of odd order Is equal to 
zero and one of even order is a perfect square (Tkeoroms J h, 21 y 

ft even A == \ 

n odd A ~ j ' 

where Pj^,... are either squares or the sums of squares, aua 
so Pj,... are, in general, positive and, though tiiey may he 
zero in special cases, they cannot be negative. 

Tlie lemma follows on putting a; -•= i . 

2.3. TnfiOiiEM 57. Every real orthogonal vaitrix A can be. 
expressed in ihe form 

idhere S is a skew-symmetric, matrix and J is a, matrix having dzi 
m each diagonal place and zero elsewhere. 

As a preliminary to the proof we establisli a lemma that is 
true for all square matrices, orthogonal or not. 
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ir.r> 


.Lfai'ma. (hi'in (I i^tj^iiavp, mutrix A ‘it is possible io choose <t 
matrix J. havimj ih t in each fliagonal place and zero elsewhere, 
so lhai -'1 is not a laienl root of the matrix JA, 

AIuItRjlicati'in by J merely ehangos the signs of llie elements 
of a. nur'rix t‘ow h\ row; e.g. 


'1 





— ■ 

r ' «ii ■ ■■■ 

«12 

" 

. -1 




^*23 


i 

to 


'^*23 


-L 



% 3 - 


zT 

1 

J 

--«32 



Bearing this h'\ iuiud, «<■! see tliat, cither the lemma, is true or, 
for cverx possiiiie eomliination of row signs, W'e must have 


h^bi-r 1 

-iu.^'12 ... ’ ■ 

. . 1- ■ ■■ ■ • 

.V dz^ln :| 

0. 

(b) 

±^Hl 

±%u 





Ihit wc car, show that (8) is impossible. Suppose it is true. 
Then, adding tlie two forms of (8), (i) withpZ'W^ in the first row, 
(ii) w-itli minus in the first row, we obtain 


"m 

AiCha . . . • 

for every ])ossd)le combination of row signs. We can j)roeeed 
by a like argument, reducing the order of the dcterniinant by 
unity at each slop, until we arrive at = D- but it is 

impossible to have both 0 and — I 0. Hence 

(8) e.atmot bo true, 

2.4. Proof of Theorem, 57. Let A be a given orthogt)nal 
itudi’ix with real elements. Tf A has a latent root — 1, let 
J, A be a matrix whose latent roots are ail different from 

--- L wliero J, is of the same type as the J of tJie lemma. 

Now./j is noii-singuiar and its reciprocal is also a matrix 
having pi in the diagonal places and zero elsewiiere, so that 

A = Jf^JjA =- Jf^Aj =- Ml, 

where J ~~ and is of the type required by Theorem 57. 
^loreover, being derived from A. by a change of signs of 
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is a real orthogonal matrix, ami every real orthogonal matrix ean 
he so wriUo-n: 

2.5. Ticeotiem 5<S. The. latent roofs of a real ortJiogonal matrix 
art' (>1 V'tiit nLodnl'as, 

j.et [V?,.,] 1)0 a. real orilidgonai matrix. Then X, §7), 

if A is a hitent root of the matrix, tlie equations 


luu'c a solution u'l,..., other tlian == ... — ^ 

'Flicso X are not necessarily real, but since a,,^ is 
have, on taking tlie conjugate complex of (Li), 


By using the orthogonal relations (1) of § 1, we have 


of aq,..., x,i are zero, and therefore > 0. 

1, which proves the theorem. 


Examples XIII 


1. Pruve that tiio matrix 


i.H ortlK'igonal. Find it^ latent roots ami v<n’ify that. Theorems 54, o5, and 
58 hold fur thus matrix. 

2, Provo that ino matrix 


is ortltogonal. 

3. Prove that when 
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(1~-S){I^-S) 


is 



H-O"-- -6"— c" 

2(c-~ab) 

2(f7c ~'rb) 

1 -|-a2-i-62_|_g2 


1 +a®d-6"-f- 

-2(t:4-a6) 

1 — 

2(a~~bc} 



] -j-a.--rlA~r 

i{ac.-~b) 

— 2(a -j br) 

1 -a~ - b--'- 





X - 


T. 


--- Y'AY. 

t Prove t-hat, when J is syiiinieiric, N skew-symirtr-li'ie. 
S)~^A-S), 

R‘(A--S)R^ A- 


■S. 


Hence iiiid the general ox’thognnal transformation of ihrt'c' variiildos. j- 

4. A gi\'eu syrnfiietrie matrix is chaioted by J ; A'A.Y is (lie quadratic 
form a.-.soe.ia.ted with A; N is a skew -symmetric matrix sucdi that I-r-SA 
is non-singiilar. Prove that, when A.L • AS and 

j-syi 

I+SA ' 

X'AX 

а. {IJurdar. 
and It ~ (A - 

IV A R = A, 

Provo also that, when X — ItY, 

X'AX r^- F'AF. 

б. Prove! Theorem 55 by tlie following method. Let A be, an ortho- 
gonal matrix. Multiply the determinant |*1— AJ{ by jA| and, in the 
resulting deLenninaixt, put A' — 1/A, 

7. A transformation x = UX, x =----- (JX which mak(\s 

is called a unitary transformation. Prove that the mark of a unitary 
transformation is the matrix equation UU' --- f. 

8. Pro\-e tliat the product of two unitary transformations is itself 
unitary. 

9. Provo that the modulus Af of a unitary transformatitm s;itisties (he 
equal i(m Aid/ --- i. 

1(1. Prove that each latent root t>f a unitary transfonaation is of the 
form wlau'e a- is real. 

t Compare Lamb, Higher Mechanics, chapter i, examples 20 and 21, where 
the transformation is obtaineil from kincrnatieal considerations. 

^ d’hese results aro proved in Tui-ntiuJ], Tlicury of JJctcnnina/its, Malrirps, 
and Invariants, 
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INVARIANTS AND COVARIANTS 
1, Introdoctioii 

l.L A detailed .study of invariants and covariants is not 
p(i.s.sible in a single chapter of a small book. Sucli a study 
requires a complete book, and books devoted exclusively to 
that study already exist. All we attempt here is to introduce 
the ideas and to develop them sufficiently for the reader to bo 
able to employ them, be it in algebra, or in analytical geometry. 

1.2. We have already encountered certain invariants. In 
Theorem 39 wo proved that when the variables of a quadratic 
form arc changed by a. linear transformation, the discriminant 
of the form is multiplied by the square of the modulus of the 
tran.'jformation. Multiplication by a power of the modulus, not 
iieccs.sarily the square, as a result of a linear transformation is 
the mark of what is called an ‘invariant ’.. Strictly .speaking, the 
word should mean something that does not change at all ; it is, 
in fact, ax}plied to anything whose only change after a linear 
transformation of the variables is multiplication by a pow'er of 
the modulus of the transformation. Anything that does not 
change at all after a linear transformation of the variables is 
called an ‘absolute invariant’. 

1.3. Definition of an algebraic form. Before wc can give 
a precise definition of ‘invariant ’ we mn.st explain certain tech- 
nical terms tliat arise. 

Definition 10. A sum of terms, each of degree k hi (he n 
variables x, g,..., f. 


v'hereJ,n the a's are arbitrary c.onstamis and the sum is taken over 
all integer or zero sets of values of a, A which satisfy the 
comlitions 

0 < a < k, ..., 0 < A < /(:, a+jS-f ..:-f A == h, (2) 
is called an algebraic form of degree k in the variables L 
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For insta..nce, ax^-\-2kxy-\-by- is an algebraic form of degree 
2 in X and y. and 

n t 

V^' ■■■■■■ '^2'! ^ « 

r=0 

is an algebraic form of degree n in x and y. 

Tlie multinomial coefficients IcAjoil ...A! in (1) and ilie biiioaiial 
coefficients w!/r! {?i— r)! in (3) are not essential, but they leafl 
to considerable simplifications in the resulting theory of tlie 
forms. 

1.4. Notations. We shall use F{a, x) and similar notations, 
such as <j){b,X), to denote an algebraic form; in the noiation 
F{a,x) the single a symbolizes the various constants in (1) and 
(3) and the single x sjnnbolizes the variables. If we wish to 
mark the degree h and the number of variables n, we shall u.se 
F{a,x)l. 

An alternative notation is 

(4) 

which is used to denote the form (3), and 


which is used to denote the form (1 ). In this notation the index 
marks the degree of the form, while the number of variables is 
either shown explicitly, as in (4), or is inferred from the context. 

Clarendon type, such as x or X, will be used to denote single- 
column matrices with 7i rows, the elements in the rows of x or 
X being the variables of whatever algebraic forms are under 
discussion. 

The standard linear transformation from variables 
to variables Xi,..., X^, namely, 

Xj, {t I}..., (o) 

will be denoted by x == ilJX, (6) 

M denoting the matrix of the coefficients in (5). As in pre- 
vious chapters, \M\ will denote the determinant whose elemcjits 
are the elements of the matrix M. 
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On making the substitutions (5) in a form 

F{a,x) ~ (7) 

we obtain a form of degree h in Xj,..., this form we denote by 
0(/l,X) H= (J.Q5 ...)(Xi,..., (8) 

The constants A in (8) deftend on the constants a m (7) and 
oil the coefficients .By its mode of derivation, 

G{A,X) =5 F{a,x) 

for all values of the variables x. For example, let 
F{a,x) ^ a-^ix\Ar2a-^^yX-^x^A-az^xl, 
a'j — - Xj~f'Zl2 ■^2* ^2 ^21 "^ld~^22 

then 

F{a-/x) G{A,X) — AIj3^X|4-2j4j2XiX 2-[--^22 
where -^^ii = ^ 11^21 ^'■® 28 ^ 2 l> 

Ai 2 := %i Zn?12“l~%2(^11^22"i~^31 ^12)4*^22 ^21 ^22! 

^22 ™ %1^12~l“^%2^12^22H“%2^i8v 

111 the sequel, the last thing we shall wish to do will be to 
calculate the actual expressions for the ^ ’s in terms of the a’s: 
it will be sufficient for us to reflect that they could be calculated 
if necessary and to remember, at times, that the Ai’s are linear 
inthea’s. 

1. 5, Definition of an invariant. 

Definitton 12. A function of the coefficients a of the algebraic 
■ form F{ff; .r) is said to be an invariant of the form if , whatever the 
matrix M of (6) may be, the same function of ike coefficients A 
of the form G(A,X) is equal to the original function {of the coeffii- 
emits a) m/ultiplied by a power of the determinant \M\, the power 
of \M\ in question being independent of M . 

For instance, in the example of § 1.4, 

■^11 "^22 — "^12 ^'22 — ^12)! 

a result that may be proved either by laborious calculation 
or by an appeal to Theorem 39. Hence, in accordance with 


Definition II, an«22“*^’!2 i® invariant of the algebraic form 
®Jil ~ i ~ ^^12 ^ 2 ~ 1'”^'22 
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Again, wc may consider not merely one form F{a,:r) and its 
transform but several forms and 

their transforms 6\(A, A"),..., as before, ve write 

A) for the result of substituting for re in teims of A” in 
.?],(«, re), the substitution being given by x JiX. 

DEriNiTiox 12. J function of the coefficients a of a n urn, her of 
algebraic forms !),(«:, re) is said to he an mvariamt (sowefimes a 
joint-invariant) of the forms if, whatever the matrix M of the 
transfer mat io7i x “ J/X, the same function of the coefficients A of 
the resulting for^ns QfA, X) is equal to the original fu/nctimi {of the 
coefficients a) multiplied by a certain power of the deiermina tif jd/|. 

For e.xainple, if 

i\{a,x) == a^x-l-b^y, F^{a,x) a.^xFb.^y, (0) 

and the transformation x = MX is, in full, 

re = (XiX-j-^iY, y = oi. 2 .X-\-^ 2 '^^> (^b) 

so that 

FfOjyx) == Gy{A,X) = {a^a^-{-bi<xf}XF{Ui^xA-bx^ffY , 

F2{a,x) = G2{A,X) — {%ai-f-62a2)X-!-(a2)3i+62^o)F, 
we see that 

Cix -f bx 0L2 % -|- bx jSg 

ax bx 
^2 ^2 

Hence, in accordance vdth Definition 12, Uxb^—a^bx is a joint- 
invariant of the two forms a-xXf-bxg, a^xFb^y. 

This examxjie is but a simple case of the rule for forming the 
‘j3rodnct’ of two transformations; if we think of (9) as the trails- 
formation from variables Fx and F^ to variables x and y, and 
(10) as the transformation from re and y to X and Y, then (11) 
is merely a statement of the result jiroved in § 3.3 of ( 'liajiler X . 

1.6. Govariants. An invariant is a function of the coeffi- 
cients only. Certain functions which dejiend both on the 
coefficients and on the variables of a form F{a,x), or of a num- 
ber of forms Fj.{a, re), share with invariants the jiroxierty of lieing 
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Hiialtered, save for niultiplicration by a ];)owcr of \M\, when the 
variables arc eluinged l>y a sn]}st4tntion x — J/X. Sudi func- 
tions are eallcd coVARtiKTS, 

Foj’ exauij>le, Jet and v be fornis in the variables x and i/. 
In iJiese, make the substitutions 


11 

N 

j 

, y ^ 

■ LX+'WigF, 

L V ai‘e expressed in 

t erms uf 

Xandr. Then 

ides of ditferential c; 

idiiulus. 


d'U' j CU , j < U 

= bw:''T^2-rr J 
oA. ox oy 

tw 

Wx'' 

^ ox ' “by’ 

Zn CU- , c.}!, 

= m. f •»?.,- 

Zz tx ‘'ey 

dv 

df 

dv Qv 

'Wt-t — ’"b 77h^j — » 


Tlie rides for multiplying determinants show at once that 


du 

du 1 

_ 1 j X 

du 

du 

■X\ ■ 

oA 

if 1 

j ^^2 1 


By 

8v 

dV 1 


du 

dv 


if 1 


dX 

dy 


( 12 ) 


The import of (12) is best seen if we write it in full. Let 

and, when expressed in terms of X, T, 


(13) 


u = 

V ~ 




vn4iX"-ir 


Tiien (12) asserts that 


A,X- 

■1+ — 

i-d 

'71- 

_ir- 

A 

, Tn-lm 4.J 

yn-l 







-1 /: 

‘ Yn-1_L _L R 

Yn-1 



-I k 

k 

X 

j a 

0“^ 

+ ...- 




1 

1 »»‘2 


1 ^ 

— 1 

(j.t 


b^x 



The function 









UqX^- 






-1 i 

5 


b(jX^~ 

-^+.. 

..+h„ 



-1 



(14) 

depending on the constants of the forms u, v and on the 
variables x, y, is, apart from tlie factor unaltered 
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Again, wc may consider not merely one form F{(Ux) and its 
transform. but several forms Frifi/x) and 

their tra,nsformR (?i(A,X),..., f4.(A,X); as before, 'vro w,dte 
tT^(A.,X) for the result of substituting for a- in terms <jf A" iji 
Fj{a, t), tlie substitution being given by x = J/X. 

Defixitiox 12. A function of the coefficients a of a n umber of 
algebraic forms F^{a,:x) is said to he an invariant {somelimes a 
joint -invar amt) of iJie forms if whatever the mairix M of the 
transforrnaiion x — JjfX, the same function of the coefficients A of 
the resulting for'} ns G^{A,X) is equal to the original function {of the 
coefficients a) 'inulti'pUed by a certain 'poirer of the deteryninant \M |, 
For example, if 

Fffi,x) ™ a^x-\~biy, F^{a,x) = a,^xf-b.yy, ( 0 ) 

and the transforma.tioii x — i/X is, in full, 

X == a-j^X-j-^jF, y = , (10) 

■■"so.dhat-:''V'" 

F^{a,x) = (?i(A,X) == 

Ayn;, a:) == G^iA^X) = {a 2 a^-\-b. 2 ao)X-i-{a 2 ^iffb 262 )Y, 
we see that 


A 

B,: 


“T ^^1 1^1 F bi ^2 

1 

Bo 




— -™ .. b-^ /\ 

■■ ■ 62 

Hence, in accordance with Definition 12, joint- 

invariant of the two forms x-\~b-^y, a.^x-l-b^y. 

This example is but a simi)le case of the rule for forming the 
‘product* of two transformations; if we think of (9) as tlu^ trans- 
formation from variables Xj and F^ to varialdcs x and ?y, ai]d 
(10) as the transformation from x and y to X and F, then (11) 
is merely a statement of the result proved iu § 3.3 of Cliapter X. 

1.6. Covariants. An inva.riant is a function of the coeffi- 
cients only. Certain functions which depend both on the 
coefficients and on the variables of a form X(a,ir), or of a num- 
ber of forms Ffa^x), share with invariants the property of being 


. 

^2 


(ii) 
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uiiaitered, save for multiplication by a power of jJ/l, when the 
Viu’iiibles are changed by a substitution X = IfX. Such func- 
tions are called covahtants. 

For example, let u and « be forms in the variables x and y. 
In these, niake the substitutions 

X l-^X , y ■= 

so that yy. v are expressed in terms of X and Y. Then we have, 
by the rules of differentia! calculus, 

f __ 

ax oy „ 


on 

dX~ 

j du j Bu 

OX oy 

dv 

¥x 

CM 

du , du. 

ox " dy 

dv 

dW 


dv , Bv 

=: W, h'm., , 

“dy 


Tlie rules for multiplying determinants sliow at once that 


du 

du 

„ I '^l % 

X 

cu, 

du 

M 

df 


8x 

dy 

dv 

dv 



dv 

dv 

dX 

w 



dx 

dy 


( 12 ) 


The import of (12) is best seen if we write it in full. Let 

yi ~ flo a:''' +n% 1 

and, w'lien expressed in terms of X, Y, 

Then (12) asserts that 

X “"i-f . . . + Y>^-^ B, + . . . + r«"i 


(13) 


k k 

X 

1 % 

-1+.. 


U-l 


ftl-i Mg 


1 






Tlio function 


Ujj x*'' + ■ . . + «.„-i 4- . . . -h a.^ 2/« 


(14) 


depending on the constants of the forms u, v and on the 
variables x, y, is, apart from the factor unaltered 
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when the constants hj. are replaced by the constants A^, 
and the variables a;, y replaced bj" the variables X, Y. Accord- 
ingly, 'we say that (14) is a covariant of tlic forms u, v. 

1.7. Note on the definitions. WIk’ii an invariant is delinod as 
‘a function of tbe coefficients a, of a form F{a,x), M'hicli is equal to 
the same function of the coefficionis A, of the transform G(A,X), 
riuiUipUed by a factor that depends only on- the conslunts of the irans- 
fonnation' , 

it can be proved that tlie factor in question rimst bo a power of the 
modulus of the transformation. 

In the present, elementary, treatnifait of the subject we have left 
aside the possibility of tlie factor being other than a power of It 

Is^ ^ point of some interest to note that the wider definition 

can he adopted with the same ultimate restriction on the nature of the 
factor, namely, to be a power of the modulus. 

2. Examples of invariatits and covariants 
2.1. Jacobians.*' Let u, v,..., w be % forms in the qi variables 
X, y,..., z. The determinant 


where u^, Uy,... denote dujdx, B'ujdy,..., is called the Jacobian of 
the n forms. It is usually written as 

~8(x,y,..„z)' 

It is, as an extension of the argument of §1.6 will show, a 
covariant of the forms u, v,..., and if x — MX, 
o(f6, V ,,.., w 'j , 

^ d{x,y,.,.,zy 

2.2. Hessians. Let u be a form in the variables x, y,..., z 
and let denote &^ufdx^, dhi/bxdy,.,. . Then the deter- 

minant 
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is <?alled the Hessian of n and is a. covariant of u; in fact, if we 
sym]:)oliz.e (2) as we may prove that 

II('U;X) ^ (3) 

.For, liy eonyidering tiie Jacobian of the forms a.ud 

calling lliom Uo,..., we find that |2,1 gives 


But 
and if 


tixF:::;) 


m 




du-i d 8u 

aX 8X dx^ 

.'t‘ = A. "|“^2 ^ “f“ •••j 

y A + F-h . . . , 


(4) 


then 


aX cx dt/ 

b d 0.: . 

lii j-" Wn d- >» • j 

cx 


dl 


(5) 


Hence 

! "^XX ‘^^Xl 



1 %"X '^■Yi 

\ 


. . Uyz 

1 %X '%F 

. ! 

= j 

, . . 

x' 

i UxX 


h * ' 

i 

! ■ 1 

'^VY 


hi It 

1 

i '<^UZ 


as may be scon by muitixilyiiig the last two detcrniinaiits l>y 
rows and applying (5). That is to say, 

Il(u;X) = 

<7(A, i J.., j 

w’hich, on using (4), yields 

E{u;X) = lJi'1.2i/(-ii;rt'). 
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2.3. Eliminant of linear forms. When the forms u, v,..,, w 
of §2.1 are linear in the variables we obtain the result that tlie 
determinant IrfyJ of tiie linear forms 

...-f b..., V .) 

is an invariant. It is sometimes called the kliminaxt of the 
forms. As we have seen in Theorem 11, the vamsliing of 
th(3 eliminant is a necessary and sufficient condition for the 
equations = 0 (r = 1 ..... «) 


to have a solution other than x-. 


0. 


2.4. Discriminants of quadratic forms. When the form 
u of §2.2 is a quadratic form, its Hessian is independent of the 
variables and so is an invariant. When 

^ ^ Xp Xg (firs ' ^sr')> (b) 

'we have dhijBxydXg ~ 2aj.g, 

so that the Hessian of (6) is, apart from a power of 2, the 
determinant namely, the cliscrimmant of the quadratic 
form. 

This provides an alternative proof of Theorem 39. 

2.5. Invariants and covariants of a binary cubic. A form 
in two variables is usually called a binary form ; thus the general 

We can write down one covariant and deduce from it a second 
covariant and one invariant. The Hessian of (7) is (§2.2) a 
covariant; it is, apart from numerical factors, 

a^xfi-a^y a2xfi-a^y j 
i.e, (aoU3“af)a;^+(ao%— (8) 

The discrimmant of (8) is an invariant of (8); we may expect 
to find (we prove general theorem later, §3.6) that it is an 
invariant of (7) also.f The discriminant is 
«.()%— af 

1(^0 cq ag) 


m 


f The reader will clarify hi« ideas if he writes down the precise meaning of 
the plirases ‘is an invariant of (7)% ‘is an invariant of (8)’. 
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A^ain, the Jacobian of ( 7 ) and (S), which we may expectt 
to be a covariant of ( 7 ) itself, is, apart from numerical factors, 


a(^x‘^~r'2aixy-\~a2y^ 




2(«o )a’-[- K K «2)^+ 2(ffi %-a|}y 

i.c. (</2 3ff.„ ajL a. 2 + 2al)x^i- 3(ao « 3 — 2«.o n|-l-«! o,-)x"y+ 

-|-3(2rtf ^'2 <^-i f>-l)'^y^~T (3% ^2 as— «o «1— 2a|)2/®. (10) 

At a later sta.ge ^ve shall show that an algebraical relation 
connects (7), (8), (0), and (10). IMeanwhile we note an interesting 
(and in the advanced theory, an important) fact concerning the 
coefficients of the co variants (8) and (10). 

If ive write 

c-o + Cl xy ~\- Co ;?/ “ tor a quadratic covariant, 
c + Cl x^ij H- -Cg xy- + i C3 y ^ for a cubic co variant, 

and so on for covariants of higher degree, the coefficients c, are 
not a disordered set of numbers, as a first glance at (10) would 
suggest, but are given in terms of c„ by means of the formula 




3 / -.s ^ ^ 

^ 4 - (i> - 1 )«2 ^ 4 - * • • H- _ 


■ c'a, 


(11) 

fcQ «. >-*1 

where p is the degree of the form «. Thus, when we start with 
the cubic (7), for w'hich p 3, and take the covariant (8), so 
that Co = ao«'2-~^i’ ^“^4 that 


dc 


8 Cc 




da 


r«'3v 


ecr 


da. 


da, 


«0«'3~^'l% = 


and ScEi -f- 2cf.2 'p- + ^3 ^ = 2(ai a^-al) = 


0 (^r 


and the whole covariant (8) is thus derived, by differentiations, 
from its leudlng term («o«'2“^f)‘^^* ■ 

Exercise. Provo that when (10) is written as 
Co a’3 + Ci xhj + |ca xAf *f \ Cg if. 


'da,^ 


dCf 8 Cf 8 e 

g" + 2«2 + ct^ ^ 


OCtg 


{r = 0,1,2). 


f Compare §§ 3.6, 3.7, 
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2.6, A method of forming joint -invariants. Let 

u = F{a,x) = (.12) 

and siix>pose we know^ that a certain polynomial function of tlie 

is an invariant of F{a, x). That is to say, wiieii we substitute 
X ~ 21X in (12) we obtain a form 

a{A,X) ^ {Ao,...^AJ{X^,...,X,r-, (13) 

and W'e supX)ose that the a of (12) and the A of (13) satisfy 
therelatioi, (14) 

where ,9 is some fixed constant, independent of the matrix 31. 

Now (12) typifies any form of degree k in the n variables 
a’l,..., and (14) may be regarded as a statement concerning 
the coefficients of any such form. Thus, if 
V = F{Qi ,x) ~ 

is transformed by x == 3IX into 

^ G{A\X) - (^;..., a:J(Xi,..., 
the coefficients a', A' satisfy the relation 

<f>(AQ,...,A'„i) ~ [Jf j'''^(«03---> (ih) 

Equally, when A is an arbitrary constant, 'a+Aa is a form of 
degree k in the variables aJi,..., It may be written as 

and, after the transformation x = MX, it becomes 

AJ{X„..., A„)^^+A(ri;,..., AJ{X„..., X,)K 
that is, (rio+Ldo...... J:„,+AA;J(Xi,..., X,^)^. 

Just as (15) may be regarded as being a mere change of 
notation in (14), so, by considering the invariant ^ of the form 
tt-f- Av, we have 

^(d-o-f ^,^+Arij'J == jJf]*(/>(af,+AaQ,..., (16) 

which is a mere change of notation in (14). 

Now each side of (16) is a polynomial in A W’hose coefficients 
are functions of the A, a, and jJ/j; moreover, (16) is true for 



</j(ff.o+Aa; 


and tlie value of (18) when A == 0 iB given by 


Hence, by Maelaiiriii’s theorem, 


the exjiaiiBioii terminating after a certain point Bince 

is a pojynoiniul in A. Hence, remembering the result (17), we 
have 
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all values of A and so tlie coefficients of A", A, A^,.., on each side 
of (iC) are equal. Hence the coefficient of each i)ower of A in 
the expansion of 

is a joint-invariant of u and for if this coefficient is 

CJq,..., U'};,,)} 

then (IG) gives 

The rules (.)f tlie differential calculus enable ns to formulate 
the coefficients of the powers of A quite simply. Write 


f ■OT' 
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Examples XTVa 

Examples 1-4 can be worked by straightforward algebra and without 
appeal to a,ny general theorem. In tliese examples the transformation 
is taIv(ar'to be t %■*" i t/" 7 w i ah 'w 

and so [i¥) is (‘qual to Zi Wj — Z„9ni; forms ax + bt/, ax"-\-2hxi/-\-ci/" are 
Irnnsfontied into AX-fRF, AX"d-2BNF4' so for other 
foi'jns. 

1. Prove that ab'~a'b is an invariant (joiut-invariani ) of the forms 
Am. AB'~A'B ^ \M\{(ih'~a'h). 

2. Provo tliat ab'~ — 2ha'b'-i-ca'^ i« invariant of the forms 

ax^ + 2bxy-\-cy~, a'x-l-b'y. 

Am. AB'"~2BA'B'+CA'^ == \M\Hob'--~2ba'b'+ca'% 

3. }^rove that ab'A<^'b—2bh' is an invariant of the two quadratic 
focmsax'^A2/iXj'/~l-by^,a'x^A2h'xy-l-b'y^. 

Am. A B'+A'B~-2HE' = l3f l^(ab'+a'b-2//h'). 

4. Prove that b'(axAby)~a'(bxA cy) is a covariant of the two forms 
a-T® -j- 2fo'7/ -j- c?/“, a'® + 6V- 

Am. fi'(/lX+RF)~A'(SX-I-CF) = \3I\{b'(a.v+by)-a'ib.x:Acy)h 
The remaining examples are not intended to be proved by sheer 
STib-stitution. 

5. Prove the result of Example 4 by considering the Jacobian of the 
two forms aa.'2-f2&ajy +cy2, a'a’+fo'y. 

6. Prove that (ab'—a'b)x^A(‘^(>'~tt'c)xyA(bc'~b'c}y^ is the Jacobian 

of the form.s oa:‘^ + 26a37/-f C7/% + 

7. Prove the result of Example 1 by considering the Jacobian of the 

forms «;<: -j- a'a: h 

8. Prove that X Jacobian (and so a 

oovariant) of the three forms 

ax-+by^Ar;i^+2/yzA2ffzxA2ifay, a^x+bzyAc^z. 

Examples 9-12 a, re exercises on § 2.6. 

9. Prove the result of Example 3 by first showing that ab-~h^ is an 

invariant of mr* + 2/i.ry +61/®* 

10. Prove the result of Example 2 by considering the joint-invariant 
of ax^A2hxy~\~by^ and (a'xAb'y)^. 

11. Prove that ahcA2fgh~aP~hg’^—ch'^, i.o. the determinant 

A ^ a h g , 
h b f 

? / c 

is an invariant of the quadratic form aa;® 02®+ 2/2/2 +2^2:.rH- 2/93:9/, 
and find two joint -invai'iants of this form andoftheforma'3;®-f-...~[-2^/i’9/. 
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Notk. Tliese joint-inv^ariunts, usually denoted by 0, 0', 
e a' A -I - 6 ' B 4- c/C 4- 2/"i?’4- 2g'C 4- 2k'H, 

0' - aA'-jAjB' + cG'-j-2fF'-i-2i/Cr-j-‘JhB', 
vvlien* -4, .4',... denote eu-fuctors of «, a\,,. in the discrhminmts A, A', 
are of some importance in analytical geometry. Compare Somerville, 
A}ialjitia(I Conicn, tdiapter sx. 

12. Find a juint-itivariaut of the quadratic form 

n.'(4 4- 4- cz- 4- 2Jyz + 2gz.v. 4- 2}txy 

and file linear form 4r4- + Wliut is the geometrical siguificanco 
of this joint - invariant 

Pi'ovo that the second joiut-in variant, indicated by 0' of Example 11, 
is identically zero. 

13. Prove that 

I Z“ Im v/F j — {Lmf — l'tnY. 


I dx^dy'^ cxdy^ dy*' | 

is a covariant of a form u whose degree exceeds 4 and an invariant of a 
form M of degree 4. 

Hint. Multiplication by the determinant of Example 13 gives a 
determinant whoso first row is [a; = i!X4-ray, y — I'XAm'Y] 
c'*'U cAa £'% 

bX'^bx^ bXdYdx^ dY“dx‘^' 


Cumparo §2.2: here ll: — hi'— — and so on. 

\ ax cy) aX^ 

A jnultiplication of the determinant just obtained by that of Example 
13 will give a determinant whose first row is 


dX^ dX'^dY 

Hence x = A/X multiplies the initial determinant by {.Mj®. 
15. Prove that «ce-f 2fecc?— c®, i.e. 
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16. Provo that, 

’^yy 

^^\ei£ '^xy '^hn/ 

is a covariant of tlve forms u, v, w. 

ITiisT, Tluvmultiplying factor is [A/j-'. 

3. Properties of invariants 

3.1. Invariants are homogeneous forms in the coeffi- 
cients. Let 

Let the transformation x ™ iif X change u into 
Then, whatever J/ may ho, 

AJ - IJf (i) 

the index s being independent of Jf. 

Consider the transformation 

a<j — AX2J — AXjj, 

wherein \M\ = 

Since u is homogeneous and of degree h in the values 

of .do,..,, A,f^ are, for this particular transformation, 



Hence (1) becomes 

/(aoA^...,a,„A'0 == A“^/(ffo,..., aj. (2) 

Tliat is to say, I is a homogeneousl function of its arguments 
and, if its degree is q, A^‘^^ == A"•^ a result which ju’oves, 
furthei’, tiiat a is given in terms of k, q, and n hy 
: s = ]cqj7i. 

3.2. Weight: binary forms. In the binary form 
Uq x'^+Jcai y-' 

the suffix of each coefficient is called its weight and the 
weight of a j^roduct of coefficients is defined to be the sum of 

t The result is a well-known one. If the reader does not know the result, a 
proof can be obtained by assuming that I is the sum of Ii, ig,..., each homo- 
geneous and of degrees Jj,..., and then showing that the assumption con- 
tradicts (2). 
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the weiglit.s of eoiiHlitiKuit factors. Thus alafl a\.., is of weight 

A polvtimihal form in the coeflieients is said to bo iso.nAH[C 
when each ioriu has the same weiglit. Thus isobario, 

for is of weiglit 0+2, and a\ is of weight 2x1; we refer 
to the wliole expression being of weiglit 2, the 

phrase imjilying that eacli term is of that weight. 

3.3, Invariants of binary forms are isobaric. Let 

he an invariant of 

y x^-'y 


u 


(3) 

f//.. Let the 


and let I bo a iiolynomial of degree q in a^,. 
transformation x = J/X change u into 

i 

*• = 0 

Then, by §3.1 (there being now two variables, so that n = 2), 

lUU ^A-)= (5) 

whatever tlie matrix M may be. 

Consider the transformation 

ir = X, y - A7, 

for which il/| — A. The values of x4o,..., A}, are, for this parti- 
cular transformation, 

a,), a^A, .... ..., a^A^y 

That is, the- power of A associated with each coefficient A is equal 
to the weight of the coefficient. Thus, for this particular trans- 
formation, the left-hand side of (5) is a polynomial in A such 
that the coefficient of a power A'^' is a function of the a’s of 
weight w. But the right-hand side of (5) is merely 

Ai^*«/(ao,..., (6) 

since, for this particular transformation, \M\ = A. Hence the 
only jiower of A that can occur on the left-hand side of (5) is 
and its coefficient must be a function of the a’s of weight 
hlcq. Moreover, since the left-hand and the right-hand side of 


184 


INVARIANTS AND COVARTANTS 


(5) arc identiealj this coefficient of on the left of (o) ranyt 
be /(wo,..., (h)- 

Henco «/.) is of weight ^kq. 

3.4. Notice that the weight of a polynomial in the a’s imist 
be an integer, so tliat we have, wlien 7(ao,..., fl/J is ^ ■polijno’mi(/L 
invariant of a binary form, 

Aj.) = jJf p/(«ov.., (f7c)> 0) 

and Vc-q = weight of a polynomial an integer. 
Accordingly, the s of (7) must be an integer. 

3.5. Weight ; forms in more than two variables. In the 

form (§1.3) j,,, ^ 




/yiA 


(fi) 


the. snffix A (corresponding to the povi'er of in the term) is 

called the weight of the coefficient x weight of 

a product of coefficients is defined to be the sum of the weights 
of its constituent factors. 

Let I {a) denote a polynomial invariant of (8) of degree q in 
the a’s. Ijet the transformation x = AfX change (8) into 

k\ 


1 


••• 


( 9 ) 

( 10 ) 


Then, by §3.1, 1{A) = \M ^•'''//"/(a.) 

whatever the matrix if/ may be. 

Consider the particular transformation 

for which \jS1\ — A. Then, by a repetition of the argument of 
§3.3, we can prove that /(a) jnust be isobaric and of weight 
hqfn. Moreover, since the weight is necessarily an integer, kqjti 


- AX. 


must be an integer. 


Examples XIV b 


Examplo.s 2-4 are i.he extensions to covariants <,)f results already 
proved for Invariants. The proofs of tJio latter need only slight modi- 
fication. 
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1. If Cia^'x) is a covariant of a givea form and C{a, x) is a sunn of 
fiigohraie forms of dilToreni' dogi-ees, say 

C{a, X) - -I - C,{a, 

wliero ihe intiex trr denotes degree in the va.riu1)]oa, then encdi sepurato 
term C‘{a,x)'^ is itself a covariant. 

Hxnt. Since Cia,x) is a aovariaxit, 

C(A,X) == |AipD(a,:r). 

1.'ut a’ltj..., . 1 ;,, f for Xi,..., .'c„ and, conHeqriently, A\ i,..., for X^. 

Tli< ' resrdi is T ( l(a, x)^’- 

r r 

Eacli side is a. polynomial in t and wo ma.y equate eoelYicients of like 
})owt‘r.s <dh 

2. A covariant of degi-ee -ar in the variables is homogeneous in the 
eoelficiouts. 

i'liXT. The particular transformation. 

2’j = AA-i, ..., ~ AAj^ 

gives, ns in § 3. 1 , (J{ciXK X)^ = X^‘'^C{a> r)®, 
he. X~^0{aX^ a-)® = A«"C'(«, ;r)"h 

This proves tlio required result and, further, sliow's that, if C is of degreu.': 
(j in the eoehu.ierits u, __ A'^^A^ 

or kq~'n8-{~'^> 

3. If in a covariant of a binary foim in x^y wc consider x to have 

weight unity and y to liave weight aoro (a;- of weight 2, etc.), then a 
covariant of degree q in tiao coefficients a, is isobaric and of 

weight K/rgAur). 

IfiN'T. Consider tlie particular transformation, x ~ X, 1/ = AF and 
follow the lino of argument of § 3.3. 

■1. If in a covariant of a form in x^ we enn.^ider to 

have uTiit %%ei‘fhl and r„ to have zero wt'ighi of weight 2, et<!.), 

then a covaria.nt C(rt,;r)®, of degri'c q in tlie coeliloieiits «, is isobaric 
and of weight {kq j- (?i — J )-txf]ln. 

Hint. Comfiare § 3.n. 

3.6. Invariants of a co variant. Let %{a,x)% be a given 
form of degree h in the n variables ,r„. Let C{a,x)^ be 

a covariant of of degree m in the variables and of degree q 
in the coefficients a. The coefficients in C{a, a:)® are not the 
actual ft’s of u but homogeneous functions of them. 


4702 
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The transformation x = M'K changes u{a,x) into 7i{A,X) 
and, since C is a covariant, there is an s siich that 

CiA,X)^^ \M\^Cia,x)^. 

Thus the transformation changes G{a,x)'^ into {11 

But (7 is a homogeneous function of degree q in the a’s, and 

so also ill the A ’s. Hence 

C{a,x)^ \M\-^C{A,X)^ = C{A\Mr^!%X)^, (11) 

Now suppose that 1(6) is an invariant of v{b,x), a form of 
degree m in n variables. That is, if the coefficients >re indi- 
cated by B when v is expressed in terms of X, there is a for 

1{B) - ilipi(6). (12) 

Take v{b,x) to be the covariant C{a,x)'^\ then (11) shows 
that the corresponding B are the coefficients of the terms in 

C{A\M\-^K^)> 

If 1(6) is of degree r in the 6, then when expressed in terms 
of a it is /i(tt), a function homogeneous and of degree rq in the 
coefficients a. Moreover, (12) gives 

I,{A\M\~^l<>) == \M\%{a), 

or, on using the fact that Ij is homogeneous and of degree rq 
in the a, \M[-^%{A) = \M\%{a), 

That is, li(a) is an invariant of the original form u(a, a’). 

The generalities of the foregoing work are not easy to follow. 
The reader should study them in relation to the particular 
example which we now give; it is taken from § 2.5. 

u{a,xY ^ 

has a covariant 

C(a,a)2 = {aQag,--al)x’^+{aQa^~a^a.^)xy-^{a^a^-~al)y‘^, 
Being the Hessian of zt, this covariant has a multipl 3 diig factor 
{If p; that is to say, 

\m> 


or (aoC^o— aDa^-b... , , 

° ^ ^ ilHl IMI 

which corresponds to (11) above. 


Aq A^, 


(11a) 
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into B^X^4-2Bj^XY-hB^Y%: 

then BaB^~Bl = \Mmb(,b^~-bl). (12a) 

Take for the b's the coefficients of (11a) and we see that 

\M\-\(A,A^--Al)(A^A,-Al)-l{A,A,---A,A,Y} 

which proves that (9) of §2.5 is an invariant of the cubic 

ao X® + 3% + Sag -j™ Gg ?^3. 

3.7. Covariants of a covariant. A slight extension of the 
argument of § 3.6, using a co variant C{b, x)^' of a form of degree 
TO- in n variables where §3.6 uses 1(6), will prove that C{h,x)^' 
gives rise to a covariant of the original form u{a,x). 

3.8. Irreducible invariants and covariants. If I {a) is an 

invariant of a form u{a, x)*, it is immediately obvious, from the 
definition of an invariant, that the square, cube,... of I {a) are 
also invariants of u. Thus there is an unlimited number of 
invariants; and so for covariants. 

On the other hand, there is, for a given form % only a finite 
number of invariants which cannot be expressed rationally and 
integrally in terms of invariants of equal or lower degree. 
Equally, there is only a finite number of covariants which can- 
not be expressed rationally and integrally in terms of invariants 
and coval’iants of equal or lower degree in the coefficients of u. 
Invariants or covariants which cannot be so expressed are called 
irreducible. The theorem may then be stated 

'The number of irreducible covariants and invariants of a given 
form is finite. ’ 

This theorem and its extension to the Joint covariants and 
invariants of any given system of forms is sometimes called the 
Gordan-Hilbert theorem. Its proof is beyond the scope of the 
present book. 

Even among the irreducible covariants and invariants there 
may be an algebraical relation of such a kind that no one of 
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its terms can be expressed as a rational and integral function 
of the rest. For example, a cubic u has three irreducible co- 
variants, itself, a csjvariant G, and a covariant .//; it lias one 
irreducible invariant A: there is a relation connecting these 
four, namely, ^ G‘+4fP. 

We shall prove this relation in § 4,3. 

4. Canonical forms 

4.1. Binary cubics. Readers will be familiar with the device 
of considering ax^-}~2hxy~\~by'^ in the form obtained 

by writing 

ax^+2Jixy-Yby^ = a(x~\r^y'^ 

and making the substitution X = x-{-(hla)y, Y = y. Tlie 
general quadratic form was considered in Theorem 47, p. 14B. 
We now show that the cubic 

flo -f Saj x^y H- + «3 ?/ ( ^ ) 

may, in general, be written as pX'^~\-qY^\ the excej>tions are 
cubics that contain a squared factor. 

There are several ways of proving this; the method that- 
follows is, perhaps, the most direct. We pose tlie problem 
Ts it possible to find p, q, «, ^ so that (1) is identically 
equal to (2) 

It is x>ossible if, having chosen a and we can. then choose 
p and q to satisfy the four equations 


p-Yq 


ptx-Yq^ = % 


pa^-\-q^^ = « 2 , pac^-YqP 




For general values of a^, a^, these four equations cannot 
be consistent if a = ^, We shall proceed, at first, on tlie 
a.ssumi)tion a # /3. 

The third equation of (8) follows from the first two if we can 
choose P, Q so tliat, simultaneously, 

a^-Y P(ti~\~ Q^o ~ == 0 , == 0 . 
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The fourth equation of (3) follows from the second and third 
if P, Q also satisfy 

fq-j-f — 0, a(a‘’-i-PQ:H--t^) ~ 0, P^+Q) =■- 0. 

I'hat is, the third and fourth equations are linear consequences 
of tlie tirst two if a, j8 are the roots of 

Pt-\-Q = 0, 

wliere P, Q arc determined from the two equations 
a.2+Pai-j-<5ao =0, 

== 0. 

This means that a, jS are the roots of 

and, provided they are distinct, p, q can then be determined 
from the first two equations of (3). 

Tims (1) can be expressed in the form (2) provided that 

(aiaa-aoaa)^— 4(aoa2~«f)Ka3~c^l) (^) 

is not zero, this condition being necessary to ensure that a is 
not equal to 

We may readii}^ see wliat cubics are excluded- by the pro- 
vision that (f) is not zero. If (4) is zero, the two quadratics 

n 1 r “ -f ■ 2(7 2 xy -f- 

have a conimon linear factor;*!* iience 

Uo 2ai xy+a,, if, x^+ 3(q xhjfBriz xif+a^ if 

have a common linear factor, and so the latter has a repeated 
linear factor. Such a cubic may be written as XW, where X 
and are linear in x and y. 

t The reader will more readily recognize the argument in the form 

~ 0, aia;''*4~2oga;-f-a3 — 0 

have a common root ; hence 

= 0, -- 0 

have a common root, and so the latter liaK a repeated root. Every root common 
to F{x) — t) and F'{x) — 0 is a repeated I’oot of the former. 
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4.2. Binary quartics. The quartic 

(5) 

has fonr linear factors. By combining these in pairs we may 
write (5) as the product of two quadratic factors, say 

a'QX^-{-2}h'xy~\~b’y‘^, a''x^-\-2}i"xy-^b”y-. ( 6 ) 

Let us, at first, preclude quartics that have a squared factor, 
linear in x and y. Then, by a linear transformation, not neces' 
sarily real, we may write the factors (6) in the formsf 

By applying Theorem 48, without insisting on the transforma- 
tion being real, we can WTite these in the forms 

Zfd-Zi, X^Xl+Xai (7) 

Moreover, since we are precluding quartics that have a squared 
linear factor, neither nor Ao is zero, and the quartic may be 
written as (A^-f Aa)Xf Z|-f A. Z|, 

or, on making a final substitution 


we may write the quartic as 

X^-\-QmXW^+Y\ ( 8 ) 

This is the canonical form for the general quartic. A quartic 
having a squared factor, hitherto excluded from our discussion, 
may be written as Z^(AiZ®-l-A 2 T' 2 ). 

4.3. Application of canonical forms. Relations among 
the invariants and covariaiits of a form are fairly easy to detect 
when the canonical form is considered. For example, the cubic 

u ^ aQX^-\-Zaj^x^y-\-1ia^xy^-\-a^y^ 
is known (§2.5) to have 

a covariant H ~ {aQa 2 —af)x^-{-... [(8) of § 2.5], 

a covariant 0 ~ {ala2—ZaQa-^a2~\-2af}x^~\-... [(10) of §2.5], 

and an invariant 

A = (®0^3 ^i)‘ 

t We have merely to identify the two distmct factors of a'ai^-\-2h'xy-\-h'y^ 
wi th a : + 4 Y and X - i F. 
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Unless A ™ 0 the cubic can, by the transformation X ~ 

Y = x~\~j3y of §4.1, be expressed as 

■w. = 2}X^+qY\ 

In these variables the co variants H and 0 become 
H, = pqXY, G, = p^^qX^-^pq^Y\ 
while Ai — p^q^. 

It is at once obvious that 

=.01+4:111 

Now, jJ/( being the modulus of the transformation x = IfX, 
H^ =. \Mfll, ■ = U¥PU, . Ai.=- lif.ieA. . 

The factor of H is [Mp because H is a Hessian. The factor jilfp of G 
is most easily determined by considering the transformation x = AX, 
1/ = AF, which gives ~ o-qA® A^ ~ ctaA®, so that 

{AIA,~ZA,A,A^ + 2Al)X^ + ... 

== A®{(a|a3-3aoaiaa+2a|)r'’A-®^ 

and the multiplying factor is A”, or 

The factor |M j® of A may bo determined in the same way. 

Accordingly, we have proved that, unless A — 0, 

Au^=G^+4:H\ (9) 

If A == 0, the cubic can be written as XW, a form for which 
both G and // are zero. 

5. Geometrical invariants 

5.1. Projective invariants. Let a point P, having homo- 
geneous coordinates x, y, z (say areal, or trilinear, to be definite) 
referred to a triangle ABC in a jfiane tt, be projected into the 
point P' in the plane tt'. Let A'B'C' be the projection on n of 
ABC and let x', y', Y be the homogeneous coordinates of P* 
referred to A'B'C*. Then, as many books on analytical geo- 
metry iDrove (in one form or another), there are constants I, m, n 
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Let X, r, Z be the homogeneous eoordinates of P' referred 
to a triangle, in tt', other than A'iVG' . Tiien there are relations 

= AiX+/xiF4-Vi2, 
s' ==-. + 

Tims the projection of a figure in tt on to a plane tt' gives 
rise to a trnnsforraation of the type I 

X ~ ly X-j- Wj F -{- riy Z, \ I . 

y=^UX-Vm.,Y-\-n.Z, ([) | 

2:=.-Z3X+m3F+».3X, J 1^ 

wherein, since a’ — 0, ^ ~ 0, s --- 0 are not concurrent lines, I. 

tlie determinant {Ij Wg) is not zero. r 

Tims pi’ojcction leads to fhe type of transformation wo have 
been considering in the earlier sections of the chapter. Geo- 
metrical properties of figures that are unaltered by projection 
(projective pro])erties) may be expected to correspond to in- 
variants or covariants of algebraic; forms and, conversely, any 
invariant or covariant of algebraic forms may be expeeded to ; 

correspond to some projective prerperty of a geometrical figure. ; 

The binary transformation 

x:^=lyX+myY, ^y-LX-fm^F, (2) ; 

may be considered as the form taken by (1) when only lines : 

throngli the vertex O of the original triangle of reference arc 
in question; for such an equation as ax^~-\- :Yfixii~\-~hy'^ ----- 0 corre- 
sponds to a ])air of lines through C\ it becomes 

AX^-{-%HXY-\~BY^^ - 0 , 

say, after transformation by (2), which is a pair of lines through 
a vertex of the triangle of reference in the projecrted figure. 

We shall not attempt any systematic develfq)ment of the 
geometrical approach to invariant theory; wc give mcreh^ a few 
isolated examples. 

The cross-ratio of a pencil of four linos is unaltered by pro- 
jection : the condition that the two pairs of lines 

ax^-i- 2}ixyA-by^i ^Wxy-^-h’y^ 
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should form a harmonic pencil is ab' -{-a'b—^hh' — 0; this repre- 
sents a property that is unaltered by projection and, as we 
should expect, ab' -\~a'b-—2hh' is an invariant of the two alge- 
braic forms. Again, we ma.y expect the cross-ratio of tlie four 

to indicate some of the invariants of the quartie. The condition 
that the four linc.s form a harmonic pencil is 

J --j-, ace-\-2bcd-—ad'‘^~~-bh-~c^~—- 0 

and, as we have seen (Example 15, p. 181), J is an invariant 
of the quartie. The condition tliat the four lines form an equi- 
harmonic pencil, i.e. that the first and fourth of the cross-ratios 


(the six values ai'ising fruju the permutations of the order of the 
lines) are equal, is 

i rs — 0. 

Moreover, I is an invariant of the quartie. 

Again, in geometry, tlie Hessian of a given curve is the locus 
of a point whose polar coni(i with respect to the curve is a pair 
of lines: the locus meets the curve only at the inflexions and 
multiple ])oints of the curve. Now proper conics project into 
proper conics, line-pairs into line-])airs, points, of inflexion into 
points of inflexion, and multiple points into multiple points. 
Thus all the geometrical marks of a Hessian are unaltered by 
projection and, as w'^e should expect in such circumstances, the 
Hessian proves to be a co variant of an algebraic form. Simi- 
larly, the Jacobian of three curves is the locus of a poitifc whose 
polar lines with respect to the three curves are (‘onciuTent; thus 
its geometrical definition turns upon pi'ojective pro]ierties of 
the curves and, as we slionld expect,' the Jacobian of any three 
algebraic forms is a covariant. 

In view of tlieir close connexion with the geometry of pro- 
jection, the invariants and covariants we have hitherto been 
considering are sometimes called projective invariants and co- 
varianis. 



respectively. By equating the coefficients of powers of A in the 
two equations we obtain 

(A 5= bc—P, etc.), 


where A is the discriminant of the form (4). That is to say, 
a~^b-\--c, bcA-ca A‘ab~~f^~~g^~--h^ are invariant under orthogonal 
transformation; they are not invariant under the general linear 
transformation. On the other hand, the discriminant A is an 
invariant of the form for all linear transformations. 

The orthogonal transformation (3) is equivalent to a change 
from one set of rectangular axes of reference to another set of 
rectangular axes. It leaves unaltered all properties of a geo- 
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metrical figure that depend solely on measurement. For 

is an invariant of the linear forms 

K^+l^i?/+ViZ 

under any orthogonal transformation: for {6) is the cosine of 
the angle between the two planes. Such examples have but 
little algebraic interest. 

6. Arithmetic and other invariants 
6.1. There are certain integers associated with algebraic 
forms (or curves) that are obviously unchanged wdien the 
variables undergo the transformation x = MX. Such are the 
degree of the curve, the number of intersections of a curve with 
its Hessian, and so on. One of the less obviousf of these arith- 
metic invariants, as they are called, is the rank of the matrix 
formed by the coordinates of a number of points. 

Let the components of x be x, y,..., z, n in. number. Let ?/?,. 
points (or particular values of x) be given; say 


Then the rank of the matrix 


is unaltered by any non-singular linear transformation 

X = MX. 

Suppose the matrix is of rank r (< m). Then (Theorem 31) 
we can choose r rows and express the others as sums of multiples 
of these r rows. For convenience of writing, suppose all row^s 
after the rth can be expressed as sums of multiples of the first 
r rows. Then there are constants such that, for any 

letter 

if+k — ( 1 ) 

j This also is obvious to aayone with some kaowledge of n-dimensioual 
geometry. 
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The transformation x = JifX has an inverse X i¥~^x or. 
in full, say Y — r -r A- Ar« s 


Pui.ting in suffixes for particular points 


and supposing that t is the Jth letter of ir, y. 


l>y (1), the coefficient of each of Cyi,..,, is zero and hence 

(1) implies = (2) 

(Conversely, a.s we see by using x = MX where in the foregoing 
we have used X ~ (2) implies {!). 33y Theorems 31 and 

32, it follows that the ranks of the two matrices 


are equal. 

6.2. Transvectants. We conclude with an application to 
binary forms of invariants which are derived from the con- 
sideration of partionlar values of the variables. 

Let {%, yi), he two cogredient pairs of variables {x,y) 

each subject to the transformation 

a: LY+wF, y = VX-\-m'Y, (3) 

wherein jJf j — Im'—Vm.. Then 


the teansformation being contragredient to (3) (compare Chap. 
X,§6.2). 

If now the operators ^ .A operate on a function 
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of Xj 5 Yi, Xg, Vg and these are taken- as independent variables, 
we have 

d d d d 

m ^ -4- n?/ 

M A m' — 1 1 -'1. -f V --- 

, %l/\ ^^’2 %J 

5 s 


(Imf—l'm) - 


d d 


'■ ''VM':'' 

[dx-^dy^ ^y/i8xj' ^ ' ^ 

Hence (4) is an invariant oj,)erator. 

Let Ui, t\ be binary forms u, v when we put x -- x^, y = y^\ 
the same forms u, v when we put x — a'o, y == U^, Vi 

and IL, K the corresponding forms wdien u, v are expressed in 
terms of X, Y and the particniar values Xj , Tj and X^.^, Y^ are 
introduced. Then, ojjerating on the product Ui V^, we have 

d d 8 8 \ t ar,/ 8 8 8 8 \, . 

tttF ^ ^a) 1 TV- ™ — ” — ('^1 ^' 2 )’ 

0A1 f/lg <?!]_ 8XJ \dri cy^ diji 8zJ 

8 8 8 8 \Ti.r\-ii 8 8 8 0 

and so on. That is, for any integer r, 

f)'To 


&T\ 8% ^ d^Ui 

0x5 ax;0K“i' 


C''U-, 


o^v. 


oa'T" ^8yi 8x2 by 2 ' ' ^ 


These results are triie for all pairs {Xi,yi) and (^’od/a)- '^^■ 
may, then, replace both pairs by {;r, y) and so obtain the 
theorem that 


0 % cTv 8^u 
r- 


4 -... (5) 

dx^ Gif' dx’^^Sy 8x8 f‘~^ ^ 

is a covariant (possibly an invariant) of the two forms u and v. 
It is called the rth transvectant of u and v. 

Finally, when we take v ~ u in (5), w'^e obtain covariants of 
the single form u. 
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This method can be made the basis of a systematic attack 
on the invariants and covariants of a given set of forms. 

7. Further reading 

The present chapter has done no more than sketch some ot 
the elementary results from which the theory of invanants and 

ooTariants starts. The foUowing books deal more fully with 
the subject: , 

E An Introduction to the Algebra of Quantics{Oydoxd^^ . 

Gkaoe and Yoxjkg, TU Algebra of Invariants (Cambridge, 1902). 

Weitzenbock, Invariantentheorie (Grdnmgen, 1923). r^,,,.riant 8 

H. W.Tuknbull, The Theory of Determznants, Matrices, and Inoanat 

(Glasgow, 1928). 

1. Write down the most general function of the ^ 

a 3a, a:2v4-3aoa:/+a:82/^ which is (i) homogeneous and of degree ^ 
S tht ooefficS. Lw; »d of weight Sr and of 

degree 3 in the coefficients, isobaric, and of weight , . 

Hint, (i) Three is the sum of 3 and 0 or of 2 and 1 ; the only term^ 

possible are numerical multiples of a^ a^ and % a2- 

Ana. where a, ^ are numerical constants. 

2. What is the weight of the invariant 

I s ae— 4^+302 of the quartic (aj &.c.d.sKa:,?/)* ? 

Hint. Rewrite the quartio as (ao,...,a4){*,2/)h 

3. Wliat is the weight of the discriminant ja,,l of the quadratic form 

a„ »? + a,o ±S + 033 +2012 ^2 + 2023 »2 ^3 + 2031 »3 ? 


summed for oi+^ + 7 “ 2. Thus Ou 0 . 0,033 ^' 0 , 1 , 1 ' 

4, Write down the J acohian of ax^ 2hx.y + o -!- Th xy-\-hy and 
deduce from it (§ 3.6) that 

{ah'~-a‘bfA-i{ah'-a'h)[hK-Vh) 

is a joint-invariant of the two forms. 

6 , Verify the theorem ‘WTien I is an invariant of tho form 

(ao^+2ai^ + ."+«o^i^).f = 0, 
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in. so far as it relates to (i) the discriminant of a quadratic form, (ii) the 
invariant A (§4.3) of a cubic, (hi) the invariants J, J (§6.1) of a quartic. 

6. Show that the general cubic ax^-\-Zbx^y-\-Zcxy^-\~dy^ can be re- 
duced to the canonical form AX^+DY^ by the substitution X = fx+qy, 
Y = p'‘xA-qty^ whore the Hessian of the cubic is 

{ac—h‘^)x"-+{ad~hc)xy+{hd—c^)y^ ^ {pxA-qy)[p'«i-\-q'y)- 

Hint. The Hessian of 3 <7XF^r{-DT^ reduces to 

XYi i.e. AG ~ B^, BD ~ O®. Prove that, if A ^ 0, either B == O ~ 0 
or the form is a cube; if A = 0, then B ~ O ~ 0 and the Hessian is 
identically zero. 

7. Find the equation of the double lines of the involution determined 
by the two line-pairs 

ax^+2hxy~\-hy^ — 0, a'x'^'}-2h'Xy-\-b'y^ = 0 

and prove that it corresponds to a covariant of the two forms. 

Hint. If the line-pair is aj^x^+2h^xy-\-b-i^y^ — 0, then, by the usual 
condition for harmonic conjugates, 

a&i-j-ai6— 2Mi ~ 0, a'bi~\-aib'^2h'hi ~ 0. 

8. If two conics B, S' are such that a triangle can be inscribed in S' 
and circumscribed to S, then the invariants {Example 11, p. 180) 
A,0, A' satisfy the relation 0® = 4A8' independently of the choice of 
triangle of reference. 

Hint. Consider the equations of the conics in the forms 
X ^ 2Fw?i-l-2<?7nJ-4“2HZm = 0, 

S' s= 2f'yz-\-2g'zx-\~2h'xy = 0. ■ 

The general result follows by linear transformation. 

9. Prove that the rank of the matrix of the coefficients of w linear 

(r = l,...,w) 

in » variables is an arithmetic invariant. 

10. Provethatif (a;,, 2 /y, 2 ,.) are transformed into by X= ilfX, 

then the determinant (a?! y^ Sgf is an invariant. 

11. Prove that the nth transvectant of two forms 

(<Zoj*‘»» y)^ * b^){x, y) 

is linear in the coefficients of each form and is a joint-invariant of the two 
forms. It is called the lineo-linear invariant. 

Am, b^—nai &„_i+ in(n—l)a ^ ••• • 

12. Prove, by Theorems 34 and 37, that the rank of a quadratic form 
is unaltered by any non-singular linear transformation of the variables. 



CHAPTER XV 
LATBINT VECTORS 

1. Introduction 

1.1. Vectors in three dimensions. Tn tbroe-dimensional 
geometry, with rectangular axes Ofj, 0$^, and 0^^, a vector 
%= OP has components 

(^i> I’a)? 

these being the coordinates of P with respect to the axes. The 
length of the vector 1- is 

I?! = sKilHi+a) (!) 

and the direction'cosines of the vector are 

li. is 

iir 111’ iir 

Two vectors, ^ with components and yj with com- 

ponents ('57i, ^ 2 , T^s), are orthogonal if 

(2) 

Finally, if e^, e^, and Cg have components 

(1,0,0), (0,1,0), and (0,0,1), 

a vector % with components Ig* la) oiay be written as 
% ~ Ij ^I'Fls^a’hla^a' 

Also, each of the vectors e^, e^, is of unit length, by (1 ), and the 
three vectors are, by (2), mutually orthogonal, Tiiey are, of 
course, unit vectors along tlie axes, 

1.2. Single-column matrices. A purely algebraical ]>re- 
sentation of these details is available to us if we use a single- 
column matrix to represent a vector. 

A vector OP is represented by a sijigle-column matrix ^ whose 
elements are la* The length of the vector is defined to be 

( 1 ) 

The condition for two vectors to be orthogonal now takes a purely 
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matrix form. The traiispo.se of ^ i.s a single-row matrix with 
elements ^3 and 


is a single-element matrix 

The condition for | and Y) to be orthogonal is, in matrix notation, 


The matrices e.^, 63 are defined by 


they are mutually orthogonal and 

The change from three dimensions to n dimensions is im- 
mediate. With n variables, a vector ^ is a single-column matrix 
with elements ^ 

The length of the vector is defined -to be 

l?l - (3) 

and when == 1 the vector is said to be a unit vector. 

Two vectors % and y| are said to be orthogonal when 

which, in matrix notation, may be expressed in either of the two 
forms! ^'•n=-0, (5) 

In the same notation, when ^ is a unit vector 


Here, and later, 1 denotes the unit single-element matrix. 

Finally, w^e define the unit vector as the .single-column 
matrix which has unity in the rth row and zero elsewhere. With 

t Note the order of multiplication ; we can form the product AB only when 
the number of columns of A is equal to the number of rows of B (cf. p. 73) and 
hence we cannot form the products or tq^'. 


T 

, ©2 

'O' 

, 63-= 

■Q" 

0 


1 


0 

A 


.0. 


1_ 
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this notation the « vectors e, (r = 1..... >0 are mutually ortho- 
goml and ^ 

i 3 Orthogonal matrices. In this Bubsection we use x, 
veetor. or single-column matrix, with elements 


Theorem 59. Let x^,x„...,x, be mutnauy onnuyu,... 
vectors. Then the square matrix X whose columns are the n vcc ors 
x^, Xg,..., x,j is an orthogonal matrix. 

Proof. Let X' be the transpose of X. Then the product X'X is 


The element in the rth row and sth column of the product is, on 
using the summation convention, 


since x^ is a unit vector; and when 
le vectors x^ and are orthogonal. 

x'x == jr, 

and so X is an orthogonal matrix, 
different words.) 


When s = r this i 
s r this IS zero, 

Hence 

the unit matrix of order n, 

AUter. (The same proof in 
X is a matrix whose columns are 


while X' is a matrix whose rows are 


The element in the rth row and 5th coh 
is <X3 (strictly the numerical value 
matrix). 

' - Let r 5; then x; x„ = 0, since x^ a 
Let r = s; then x; x, = x; = 1, si 
Hence XX = 1 and X is an orthogi 



The determinant \X\ == ^ Oj since the given 

not linearly dependent. Let Xj.^ be the cofactor of 

from (2), n \ 

2 X,,x, = (r= 


Any vector (^ > ??') ninst be of the form 


a sum of multiples of the vectors 
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Lemma 2, Any n mutually orthogonal unit vectors are linearly 
independent. 

Proof, Let be mutually orthogonal unit vectors. 

Suppose there are numerical multiples for which 

+ + ~ 

Pre'multiply by x^, where s is any one of Then 

^^x^x, = 0, 

and hence, since x^x^ == 1, = 0. 

Hence (4) is true only when 


Aliter. By Theorem 59, X'X = I and hence the determinant 
1-X^l == ±L The columns Xj,..., x,^ of X are therefore linearly 
independent. 

2. Latent vectors 

2.1. Definition. We begin by proving a result indicated, 
but not worked to its logical conclusion, in an earlier chapter.f 
Theorem 60. Let A be a given square matrix of n rows and 
columns and X a numerical constant. The matrix equation 


in which x is a single-column matrix of n elements^ has a solution 
with at least one element of x not zero if and only if X is a root of the 
equation \A~XJ\ = 0. (2) 

Proof. If the elements of x are ii, the matrix equation 

(1) is equivalent to the n equations 

{i 

jwl ■ ■■ 

These linear equations in the n variables have a non- 

zero solution if and only if A is a root of the equation [Theorem 11] 


and (3) is merely (2) written in full. 

t Chapter 3C, § 7 
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loH . The. roofs in X of \xi ~~XI | = i> are the latent roots of 
A ; n'hen A is a latent root, a non-zero vector x satisfying 


is a LATENT VECTOR of A corresponding to the root A. 

2.2. Theorem Oi. Let and x., he latent vectors that correspond 
to two distinct latent roots and A,, of a 7natrix A. Then 

(i) and are always linearly independent, awl 

(ii) when A is symmetrical, x^. and Xg arc orthogonal. 

Proof, By hypothesis, 


(i) Let kj., kg be numbers for whicli 


Then, since = A, x„ (2) gives 
AkfX,, 

and SO, by (1), k,.X,,Xy^ kyXgX^. 

That is to say, when (2) holds,; 

Av(A,.— A,)x,. = 0. ; 

By hypothesis Xy is a non-zero vector and A^ A,,.. Hence 
ky = 0 and (2) reduces to kgXg = 0. But, by hypothesis, Xg is a 
non-zero vector and therefore = 

Hence (2) is true only if kg = 0; accordingly, x, and x, 

are iineariy independent vectors. 

(ii) Let Ji' = Then, by the first equation in (1), 

x(,,Hx,. = x^A^x,.. (3) 

The transpose of the second equation in ( 1 ) gives 

and from this, since A’ ™ A, 

Xg AXy=== Xg Xg Xy. W 

From (3) and (4), (A,-A,)x;x, 0, 

and so, since the numerical multiplier A,,— Ag ^ 0, — 0. 

Hence and Xg are orthogonal vectors. 
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3. Applicatioii to quadratic forms 

We have already seen that (cf. Theorem 49, p. 153): 

A real quadratic form in the n variables Ij,..-, can be 
reduced hj a real orthogonal transformation 

^ = Xn 

to the form 

wherein are the n roots of |.d~A7j = 0. 

We now show that the latent vectors of A provide the columns 
of the transforming matrix Z. 

3.1. When A has n distinct latent roots. 

Thbob-em 62. Let A be a real symmetrical matrix having n 
distinct latent roots Aj,...,A,^, Then there are n distinct real unit 
latent vectors Xi,..., corresponding to these roots. If X is the 
square matrix whose columns arc Xj,,.., x^, the transformation 

I Xtj , 

from variables to variables is a real orthogonal 

transformaticm and 

Proof, The roots Ai,,..,A^ are necessarily real (Theorem 45) 
and so the elements of a latent vector satisfying 

J.Xp~A,.x^ (1) 

can be found in terms of real numbersf and, if the length of any 
one such vector is h, the vector 7”^x,. is a real unit vector satis- 
fying (1). Hence there are n real unit latent vectors Xj,..., x„, and 
the matrix X having these vectors in its n columns has real 
numbers as its elements. 

Again, by Theorem 61, x,. is orthogonal to when r # a and, 
since each is a unit vector, 

x;x«=-S,^, (2) 

where S^g ~ 0 when r ^ s and S,.,. ~ 1 (r = i,...,??,). As in the 

t When Xf is a solution and a is any number, real or complex, a;Xy is also a 
solution. For our present purposes, we leave aside all complex values of a. 
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proof of Theorem iiO, tbe element in the rth row and 5th column 
of the product XTY is whence 

X'X -- / 

and X is an orthogonal matrix. 

The transformation 5 — X Tf) gives 

= y3'X'^.Yyi (3) 

and the discriminant of the form in the variables yj^ is the 

matrix X’AX. Now the columns of AX are Xxi,...,X[x„, and 
these, from (1), are AiXi,..., A, Hence 

(i) the rows of A"' are x'l,..,, x^, 

(ii) the columns of AX are Aj and the element in 

the rth row and sth column of X'AX is the numerical value of 

x'^AgX^ == A,,x' Xg = Ag Sr,.., 

by (2). Thus X'AX has Aj,..., A,, as its elements in the principal 
diagonal and zero elsewhere. The form rj'(A'HX)Tri is therefore 

’ll + ^2 ’ii + • • • 4- Aft 1?!. 

3.2. When A has repeated latent roots. It is in fact true 
that, whether |d — A/i — 0 has repeated roots or has all its 
ro(ds distinct, there, arc ahvaj/s n mutua.Uy orthogonal real unit 
latent vectors x„ oj the. symmetrical matrix A and, X being 
the matrix with these vectors as columns, the transformation % Xiq 
is a real orthogonal transformation that gives 

wherein A^,.,., A„ are the n roots {some of them possibly equal) of the 
characteristic cquatkai jH—A/i =- 0. 

The proof will not be given here. The fundamental difficulty 
is to provet that, wlien Aj (say) is a A'-pie root of |d. —Ail = 0, 
tliero are k linearly independent latent vectors corresponding 
to Aj^. The setting up of a system of n mutually orthogonal unit 

t Quart. J. Math. (Oxford) 18 (1947) 183-5 pvea a proof by J, A. Todd; 
anothor treatment is given, ibid., pp. 186-92, by W. L. Ferrar. Numerical 
exarn])Ies are easily dealt with by actually finding tho vectors; see Examples 
XV, li and 14. 
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vectors ia then effected by Schmidt’s orthogonalization prooessf 

or by the equivalent process illnstrated below. 

het y^, y.23 Ya be three given real linearly independent vectors. 
Choose /cj so that \ Yi is a unit vector and let \ Jv Cboose 

the constant cc so that 

Xi(ya+aXi) = 0; • (1) 

that is, since xixj. -■= 1, oi — ~'Xiy2.$ 

\ , Since y^ and Xj are linearly independent, the vector yg+aXj 

. , jg fiot zero and has a non-zero length, say. Put 

“v ' '■ Xg = ?^Hy2-f«^i)- 

Then x^ is a unit vector and, by (1), it is orthogonal to Xj. 

Now determine jS and y so that 

' ' ' Xj(y34"i3xiH-yX2) = 0 (2) 

and X2(y3+^55:i+yX2) = 0. (3) 

, , That is, since Xj and Xg are orthogonal, 




ili 


l|li 

Ili' it 

:;t4I 


liliipiii 


= -xiyg, y^-Xgys* 


iliil 


vllllllll 


nil 

ii 


' , ' The vector Ys+^Xi+yXg 0, since the vectors yj, yg, are 

linearly independent; it has a non-zero length and with 

■ ' ' X3 = ^i-Tys+^Xi+yXg) 

‘ ' ■ we have a unit vector which, by (2) and (3), is orthogonal to Xi 
and X2. Thus the three x vectors are mutually orthogonal unit 
vectors., 

Moreover, if Yi, y2, Yz are latent vectors corresponding to the 
' latent root A of a matrix A, so that 

’ ■ ^Yi — d[y2 = ^y2> Ay^ = Xyz, 

then also 

ylXj = AXj, -dx2 Ax 2, jdXg : AXg 

: and Xi, Xg, Xg are mutually orthogonal unit latent vectors 
corresponding to the root A. 

t W. L. Ferrar, Finite Matrices, TSieorem 29, p. 139. 

. j Moro pracisaiy, « is thQ tuirnericjal value of tlie element in the single-entry 

matrix -x^yj. Both and are single-entry matrices. 


1 ',. 1 , i ‘ t ’ 
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4. Goiiineation 

Let ^ be a single-column matrix with elements and ; 

so for other letters. Let these elements be the current coordinates 
of a point in a system of n homogeneous coordinates and let A 
be a given square matrix of order n. Then the matrix relation ; 

y = (1) , 

expresses a relation between the varia ble point x and the variable | 

■point y. ' ■,■■■'.:"■■:■■■,'■; [ 

Now let the coordinate system be changed from ^ to yj by 
means of a transformation j 

I = Tn. 

where T is a non-singular square matrix. The new coordinates, | 

X and Y, of the points x and y are then given by : 

X = TX, y == TY. j 

In the new coordinate system the relation (1) is expressed by I 

TY == ATX I 

or, since T is non-singular, by j 

Y-^T-^ATX. ( 2 ) 1 | 

The effect of replacing ri in ( 1 ) by a matrix of the type T-'^A T ij 

amounts to considering the same geometrical relation expressed 
in a different coordinate system. The study of such replace- [; 

inents, A by T-^A T, is important in projective geometry. Here |l 

we shall prove only one theorem, the analogue of Theorem 62. i 

4.1. When the latent roots of A are all distinct. I 

Theobem 63. Let the square matrix Ay of order n, have n distinct | 

latent roots Aj,..., A,,. a7id let t^,..., t,,. be corresponding latent vectors. | 

Let T be the square matrix having these vectors as columns. Then^ 

(i) T is non-singular y ! 

(ii) T~M3^-diag(A,,..,AJ. J 

Proof, (i) We prove that T is non-singular by showing that j 

tj,..., ty^ are linearly independent. ! 


t The NOTATION diag(Ai,..., A„) indicates a matrix whose elements are 
Ai,..., A,j in the principal diagonal and zero everywhere else. 
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Let numbers for which 

™ 0. (I) 

Then, since At^ == 

That is, since ^It,. = A^t,. for r = 1,..., 1, 

^i{Ai— =-= 0. 

Since Aj,.,,,A„ are all different, this is 

= 0 , ( 2 ) 

wherein all the numbers are non-zero. 

A repetition of the same argument with p, — 1 for n gives 

wdierein are non-zero. Further repetitions lead, step 

by step, to = .,#0. 

By hypothesis, tj is a non-zero vector and therefore k^ — 0. 
We can repeat the same argument to show that a linear rela- 

k^t2^-\~ = 0 

implies k^^ 0; and so on until we obtain the result that ( 1 ) holds 

ojjilv if » j r. 


This proves that are linearly independent and, these 

being the columns of T, the rank of T is n and T is non-singular, 
(ii) Moreover, the columns of AT are 


Hencef AT = Txdiag(Ai,.,., A„) 

and it at once follows that 

T-KiT == diag(Ai,...,A,„). 

4,2. When the latent roots are not all distinct. If A 
is not symmetrical, it does not follow that a /t-ple root of 
{A— A/j “ 0 gives rise to k linearly independent latent vectors. 

t If necessary, woi’k out the matrix prochict 


LATENT VECTORS 


211 


If it so happens that A has n linearly independent latent vectors 
tj,..., and 7' lias these vectors as columns, then, as in the proof 
of the theorem, 

2’ -Mr = diag(Ai,...,AJ 

whether the X’s are distinct or not. 

On the other hand, not all square matrices of order 7i have n 
linearly independent latent vectors. We illustrate by simple 
examples. 

(i) I^t ^ = fa: 1 . 

[O oci 

The characteristic equation is (a—A)^ = 0 and a latent vector x, 
with components and must satisfy i4x ~ ax; that is, 

From the first of these, x.j, — 0 and tlie only non-zero vectors 
to satisfy J x — aX are numerical multiples of 

r 


(ii) Let 


A 


0 

a 0 
0 fx 


A latent vector x must again satisfy *4x == ax. This now re- 
quires merely 




ocX-^ , 


OiXn 


(XXo. 


The two linearly independent vectors 


Cl- 

■^1 


0' 


[oj 


1 


and, indeed, all vectors of the form are latent 

vectors of A. 


5. Commutative matrices and latent vectors 

Two matrices A and JB may or may not commute; they may 
or may not have common latent vectors. We conclude this 
chapter with tvro relatively simple theorems that connect the 
two possibilities. Throughout we take A and B to be square 
matrices of order n. 
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5.1, Let A and B have n linearly independent latent vectors 

in common, say Let T be the square matrix having 

these vectors as columns. 

Then t,, are latent vectors of A corresponding to latent 
roots Aj,..., A„, say, of A ; they are latent vectors of B correspond- 
ing to latent roots say, of B. As in § 4.1 (ii), p, 210, 

the columns of AT are A^t,. {r = 1, 
the columns of BT are (r == 
and, with the notation 

L = diag(Ai,.,.,A„,), M = diag(/xi,...,/x,J, 

AT === TL, BT = TM. 

That is T-UT === L, T-'^BT = ilf. 

It follows that 

T~^ATT~^BT = LM = ML = T--^BTT-^A1\ 
so that T-UBT = T-'^BA T 

and, on pre-multiplying by T and post-multiplying by 

= BA. 

We have accordingly j)roved 

Theorem 64. Two matrices of order n with n linearly indepen- 
dent latenl vector's in common are co-mmutatim. 

5.2, Now suppose that AB = BA. Let t be a latent vector 
of A corresponding to a latent root A of Then At == At and 

ABt = BAt =- .BAt = A.Bt. (1 ) 

When B is non-singular Bt 0 and is a latent vector of A 
corresponding to A. [Bt = 0 would imj)ly t = B~^Bt = 0.] 

If every latent vector of .d corresponding to A is a multiple of 
t, then Bt is a multiple of t, say 

Bt = kt, 

and t is a latent vector of B corresj)onding to the latent root 
Ic of B. 

If there are m, but not more than m,f linearly independent 
latent vectors of A corresponding to the latent root A, say 

t t 

'"WP 
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then, since ^It,. == At,, (r == 

provided that are not ail zero, 

+ — + (^) 

is a latent vector of A corresponding to A. By our liypothesis 
that there are not more than ?/i sucli vectors which are linearly 
independent, every latent vector of A corresponding to A is of 
the form (2), 

As in (1), ABty = (r = 

so that Btj. is a latent vector of A corresponding to A; it is there- 
fore of the form (2). Hence there are constants such that 

m 

8 = 1 


For any constants 


•in 


■IKlKts 

jr«=l 8 = 1 


m , m 

lillrk 


t 

8r!*-s- 


Let ^ be a latent root of the matrix 


K - 


n 


L^ml 


‘•Iwj 


r=l 


Then there are numbers {not ail zero) fur which 

Als {s = 
and, with this choice of the Z,., 

m m 

Sllrtr = ej,l,t,. 

r=l ' 8=1 

Hence d is a latent I'oot of B and ^ t,. is a latent vector of B 
corresponding to <9; it is also a latent vector of A corresponding 
to A. We have thus provedf 

Theoebm 65. Let A, B be square matrices of order n; let \B\ 
arid let A B = BA. Then to each distinct latent root Xof A corre- 
sponds at least one latent vector of A udiich is also a latent vector 
ofB. 

f For a comprehensive treatment of commutative matrices a.nd thoir 
common latent vectors see S. N. Afriat, Quart. J. Math. {2} S (1954) 82-85. 
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Examples XV 

1 . Referred to rectangular axes Oxyz the direction cosines of OX, OY, 
OZ are The vectors OX, OY, OZ are 

mutually orthogonal. Show that 


L^3 ^^3 

is an orthogonal matrix. 

2. Four vectors have elements 

{a,a,a,a), (6, — 6), (c,0, — c.O), {0,d,0,— d). 

Verify that they are mutually orthogonal and find positive values of 
a, b, e, d that make these vectors columns of an orthogonal matrix. 

3. The vectors x and y are orthogonal and T is an orthogonal matrix. 
Prove that X = Tx and Y = Ty are orthogonal vectors, 

4. The vectors a and b have components (1,2, 3, 4) and (2, 3, 4, 5). 

Find Av so that i, i r „ 

^ ~ D+Aia 

is orthogonal to a. 

Givenc = (1,0,0, l)andd = (0,0, 1,0), find constants Zj, mu »i2, % 
for which, when := c+jE^bi+mia, = d+ZaCi+mjbi+naa, the 
four vectors a, b^, c^, d^ are mutually orthogonal. 

6. The columns of a square matrix A are four vectors ai,...,a4 and 

A' A = diag(af,ai,a|,a‘i). 

Show that the matrix whose columns are 


is an orthogonal matrix. 

6. Prove that the vectors with elements 

( 1 ,- 2 , 3 ), ( 0 , 1 , - 2 ), ( 0 , 0 , 1 ) 
are latent vectors of the matrix whose columns are 
(1,2, -2), (0,2,2), (0,0,3). 

7. Find the latent roots and latent vectors of the matrices 


showing (i) that the first has only two linearly independent latent vectors; 
(ii) that the second has three linearly independent latent vectors 
1^= (1,0,1), Ig = (0, 1, ~1), I3 — (0,0,1) and that fc^I^+Aglg is a 
latent vector for any values of the constants and k%. 

8. Prove that, if x is a latent vector of A corresponding to a latent root 
A of ,4 and C = TAT~\ then 

CTx = TA:sc = ATx 
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and Tx is a latent vector of C corresponding to a latent root A of C. Show 
also that, if x a7rd y are linearly independent, so also are Tx and Ty. 
9, Find three unit latent vectors of the symmetrical matrix 

*2 0 01 

|o, 

Lo ; 1- - ^-4:31 


in the form 


0,0,0), (0.4.4), («'? 2 '- 72 ) 


and deduce the orthogojial transformation whereby 

2x^~By^-~3z^ + 2yz == 2X^-2Y^~-iZ\ 

10. {Harder-f) Find an orthogonal transformation from variables 
X, ij, z to variables X, Y, Z whereby 

2yz-^2zx-\-2xy~2X^~Y^—Z^. 

11. Prove that the latent roots of the discriminant of the quadratic 

2yz~\-27aa-\-2xy 

are'-' — 1, ~ 1, 2, 

Prove that, coi’respohding to A = — 1, 

(i) (aj, y, 2 ) is a latent vector whenever ic4-y4-z == 0* 

(ii) (1, — 1,0) and (1,0, — 1) are linearly independent and that 

(1, — 1, 0) and (1 —k, — 1) are orthogonal when i: == — 

(Hi) a ■= ( 4 '-i- 

are orthogonal unit latent vectors. 

Prove that a unit latent vector corresponding to A = 2 is 




YJL ± 1 ] 

\V3V3’V3/' 


V erify that when T is the matrixLaving a, b, c as columns and x = TX, 
where X = (or, y, 2 ) and X — (X, F, 21), 

2y2+22a;+2a;</ = -X*-FH2X*. 

12. Prove that x — X, F, 2 = X is an orthogonal transformation. 

With n variables show that 

■ ■ .*^2 ^ K* 

where k is a permutation of 1 , 2,,..,n, is an orthogonal transforma- 

Tioii;':'. 

13. Find an orthogonal transformation x — TX. which gives 

2yz+2zx ^ {Y^~Z^)sl2, 

14. When r -- 1,2,3, s — 2,3,4 and 

x'Ax — 2 2 

r<» 

t Example 11 is the same sum broken down into a step-by-step solution. 

LTBRAET 
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prove that the latent roots of A are — 1, — I, —1,3 and that 

( 1 , 0 , 0 , - 1 ), ( 0 , 1 , - 1 , 0 ), ( 1 ,- 1 , - 1 , 1 ), ( 1 , 1 , 1 , 1 ) 

are mutually orthogonal latent vectors of A, 

Find the matrix T whose columns are unit vectors parallel to the above 
(i.e. numerical multiples of them) and show that, when x — 'I'X, 

x'Ax 3A1. 

15. Showthatthereisanorthogonal transformationf X — TXwhcx'eby 

2,^1 -f- 2xi Xq + 4x« =- ■v'2( Af -f 2 Alj — 2A1 — A’|). 

16. A square matrix A, of order n, has n mutually orthogonal unit 
latent vectors. Prove that A is symmetrical. 

17. Find the latent vector’s of the matrices 


18. The matrix A has latent vectors 

(1,0,0), (1,1,0), (1,2,3) 

corresponding to the latent roots A — 1,0, —1. The matrix B has tho 
same latent vectors corresponding to the latent roots g — 1,2,3. Find 
the elements of A and B and verify that AB — BA, 

19. Tho square matrices A and B arc of order n;A has distinct latent 

roots Ai,...,A,^ and B has non-zero latent roots not necessarily 

distinct; and AB — BA. Provo that there is a matrix T for which 

T~L4T ^ diag{Ai,...,Aj, T-iBT - diag(;.j 


Hints and Answers 

2. a = 6 = c — d = 1/V2; these give ufiii vectors, 

3. Work out AT. 

4. Atj = — 3; nti ~ ‘ -J-; = -J, ~ 0, 11.2 ~ cf. §3.2 

6. A - 1,2,3. 

7. (i) A — 1, 1,3; vectors (0, 1,-1), (0,0, 1). 

9. A — 2, —2, —4; use Theorem 62. 

12. x= TX gives x'lx = X'T'ITX = X'T'TX. The given trans- 
formation gives 2 a:® — ^ A®; therefore T'T — I. 

13. A — 0, ±V2; unit latent vectors are 


Use Theorem 62, 


t The actual transformation is not asked for : too tedious to be worth the 
pains. 
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16. Let, be the vectors and T have the t’s as cohirons. 

As in § 4.1 , T-K\T diag(Ai,...,A„). But =:.■ T and so 

T'AT -- diag(Aj,...,A„). 

A diagonal matrix is iis own transpo.so and .so 

T'AT ^ {T'ATY = T'A'T and A A'. 

17. (i) A ™ -- 1 , 3, 4; vectors (3, - ] , 0), (I, I, —4), (2, 1 , 0). 

(ii) A = 1,2,3; vectons (2, --1, ~I), (1, 1,-1), (].0, _i). 

18. A ■-= n -1 01, R=n 1 01. 

0 0 -f 0 2 I 

.0 0 -ij [o 0 3 


10. A. has n linearly independent latent vectors (Theorem 63), which 
are also latent vectors of B (Theorem 65). Finish a.s in proof of Theorem 
64 .-.: 
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